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Introduction

In the simulations of gauge theories, expectation values of certain operators
have to be calculated. This is usually performed using a Hybrid Monte Carlo
method that combines a Metropolis step with a Molecular Dynamics step.
During the Molecular Dynamics step, Hamiltonian equations of motion have
to be solved through an integration scheme. The state-of-the-art integration
methods are the Leapfrog scheme as well as spliting methods.

At the beginning of this thesis, there was the question:

e Are there any higher order numerical integration schemes besides the
Leapfrog or splitting methods for simulations of gauge theories?

For this to be possible, it has to be taken into account that the numerical
integration method has to fulfill some desired properties. First of all, it has to
be symmetric, i. e. time reversible and of a preferably high convergence order.
Due to the fact that the intgration method has to be applied in gauge theories
with elements regarded to be situated in a Lie group, the preservation of the
Lie group structure has to be fulfilled as well.

As mentioned in the title of this thesis, implicit partitioned Runge-Kutta meth-
ods are chosen to be examined in this work.

In chapter 1, a lattice gauge theory is introduced. It is described from a math-
ematical point of view with respect to the simulations.The necessary concepts
as link, plaquette and staple are depicted here. Additionally, the Hamilton
operator and the derivation of its equations of motion are outlined.

Chapter 2 describes the Markov process used in a Metropolis method. More-
over, the Hybrid Monte Carlo algorithm is characterized in detail. The neces-
sity of the properties symmetry and symplecticity (=volume-preservation) of
the numerical intergration scheme are discussed. These features are used in
the detailed balance condition of the Markov process to ensure the reachability
of the equilibrium distribution of the field.

The numerical integration is the main part of this thesis and situated in chapter
3. It starts with an examination of the aforementioned desired properties. The
characteristics symmetry and convergence order are described and connected
to well-known integration schemes including the Leapfrog method. (The men-
tioned splitting methods are not investigated here, they can be found in [1].)



Furthermore, some facts on differential equations on Lie groups are carried
together.

Considering the aforementioned properties, partitioned Runge-Kutta methods
for Lie groups are developed. During this process, there arise some difficul-
ties: First of all, the solution of the differential equations of course has to be
an element of the Lie group. This is achieved using a Munthe-Kaas method
which replaces the differential equation in the Lie group through a differential
equation in the appropriate Lie algebra and maps the result back in the Lie
group via an exponential function. In this process, the differential equation is
replaced by a truncated series which depends on the desired convergence order.
Moreover, the integration method has to be symmetric. Due to the shape of
the previously described mapping, this is none too easy. There occur problems
concerning the exponential function in the mapping, such that an additional
term is needed. Finally, the convergence order of the partitioned Runge-Kutta
method is derived via Taylor expansions. Since the differential equation is a
suitable truncation of a series, this has to be done for each desired convergence
order separately. At the end of this chapter, there are two symmetric implicit
partitioned Runge-Kutta methods with appropriate conditions for the symme-
try and its convergence orders 2 and 3 derived. For the executed simulations,
there are values for the coefficients needed. The coefficients for convergence
order 2 are taken from [2]. For convergence order 3, they are chosen accord-
ing to calculations performed with the computer algebra system Mathematica.

In chapter 4, the details of the model of an SU(2,C) lattice gauge field are
described. Then, the used fixed point iterations are discussed. In the last
paragraph, the results of the executed simulations are presented which indicate,
that a convergence order 4 can be achieved. These simulations are performed
using the software package Matlab. For the investigation of the derived Runge-
Kutta method, a lattice of size 4 x 4 with gauge coupling § = 2.0 is chosen.
Furthermore, the dependence on the lattice volume and the gauge coupling
are examined.



Chapter 1

Gauge Fields on a Lattice

The first chapter serves as a rough introduction to gauge fields on a lattice.
The necessary information for understanding the numerical simulations will
be provided here. Thereby, the sections concerning the gauge field and the
Wilson action are described in [3] and [4]. Parts of section 1.3 can be found in

[5].

Figure 1.1: Lattice sites [z]. The field [¢] on a discrete lattice [z] is given. It
can be imagined as a color space at the sites z.

Let a field [¢] on a discrete lattice [z] be given.
One of the fundamental objects of quantum field theory is the calculation of
the expectation value (A) of some operator A([¢]) This is done via a path

integral of the lattice action S ([¢]>

()= [1d6) exp(~5(161)) A(16)) (1.1)

with partition function

7 = /[d¢] exp(—S([cb])),

integration measure [d¢], and lattice action S ([¢]) The lattice action S ([gzﬂ)
has to fulfill two conditions. It must reach the correct continuum limit and has
to be gauge invariant. This will be described more detailed in the following
pragraphs.



Chapter 1. Gauge Fields on a Lattice

1.1 Gauge Field

Let an equidistant lattice with lattice spacing a and periodic boundary condi-
tions be given. We introduce a gauge field [U] that is a set of matrices being
elements of the special unitary Lie group SU(N, C).

SU(N,C)={X € GI(N,C) : X" = X~ and det(X) = 1}.

The matrices U, , of the set [U] represent the links between two adjacent lattice
sites from site x in direction p and are shown as arrows in figure 1.2.

Figure 1.2: 2-dimensional field [U] of lattice links on an equidistant lattice
with lattice spacing a and periodic boundary conditions. The orientation is
given as p =0, 1.

Definition 1.1 (Link matrices). A matriz
U, € SU(N,C)

is called link matriz. It is situated on the link from the lattice site x to its next
neighbour x + aji in direction p = 0,1 and will be shortly referred as link.

fi denotes the unit vector in direction p, such that 0 = (1,0)" and 1 = (0,1)"
holds. The vector [i is scaled by the lattice constant a.

A link is orientated such that U, , can be seen as a forward connection. Thus
the link Uy, from site o + aft in the reverse direction —p is a backward
connection. They are related through U,i.;—, = UaT:,u since the backward
connection is simply the reversed forward one.

x x+afl z T+ afi

® > ® ® < ®

To—= N
Uz# Uw,u - Uﬁ*“#v*ll

Figure 1.3: Left: Link U, , from site x in direction p. Right: Link U;,u in the
reverse direction (from site z + ap in direction —p).



1.1. Gauge Field

Definition 1.2 (Plaquette variable). The plaquette variable

U()l(QT) = Ux 01 = Ux oU z4-ad, 1U Uv]L (12)

:E+a1 0

related to site x in the (0, i)—plane is the smallest closed loop of link matrices
in counterclockwise direction. It is defined as the product over contiguous link
matrices starting and ending at site x and also called plaquette.

n
Ux+ai,0
@ < Q
U; I ;'l A U.ian
<
e > O
X
Uac,O

Figure 1.4: The plaquette is the shortest closed loop on the lattice.

Besides the plaquette, the staple is another important notation in quantum
field theories. For every link U, , from site x to site  + afi there exist shortest
paths from site z + afi to site  not containing the link itself. These paths are
called staples of the link U, ,.

t
z+al,0 UQ&O
@) « @) ‘ ......... Pernnnnnns O
U; 1y m A U:v+a(),1 Ux al,l A U v ;+a(0 1)
@ Pennnnnns O O « O
Uz.0 U;Z ai,o

Figure 1.5: Staples of the link U, ,,.

Definition 1.3 (Staples). The sum of all shortest paths is called sum of staples
and will be denoted with V, ,, .=V (U,,). The sum of staples belonging to the
link Uy, respective link U, 1 are

Vio i= V(Ux,o) Ur+a0 1Uw+ i OU + UT 1Ul al oUw al,1
Tesp. ‘/z,l = V(Ux,l) Ugc+a1 OUHao 1U + UxTJra 1-0) OU; a0, 1U$ a0,0



Chapter 1. Gauge Fields on a Lattice

1.2 Wilson Action

The lattice action has to be gauge invariant. In this paragraph, we introduce
the Wilson gauge action and show its gauge invariance. For this purpose, the
expression gauge transformation has to be explained.

Definition 1.4 (Gauge transformation). Let [W] be a set of matrices W,
W, € SU(N,C),
situated on the lattice sites. The gauge transformation

rotates the elements of the color space [¢|. The link matrices are transformed
as

U»Tv/ﬁ - U;,u = Wxe,MWT

T4af”

Thus the gauge inner product ¢'(x)U, ,¢(x + aft) is invariant under the gauge
transformation because qﬁ;ULuqﬁHaﬂ transforms to

T
(gzs;)TUa/v,pgb/z—l—aﬂ - (Wz¢m) : WrUm,pW;l-_g.aﬂ : Wm+aﬂ¢z+aﬂ
= QSL : W;Wx ’ Ux,u : W£+aﬂWx+aﬂ : gbx—f—aﬂ
= qugUm,ugbaz—&—aﬂ'

The Wilson action is the lattice action corresponding to the plaquettes. It will
be denoted as SG<[U ]) in the following.

Definition 1.5 (Wilson action). The Wilson action

S(;<[U]> = %:B(l - &Re(tr(Um(x)))) (1.3)

depends on the sum of the real part of the trace of all plaquettes. Note that
this sum contains every plaquette with just one orientation. The factor [ is a
hopping parameter and can be seen as inverse temperature.

Remark 1.6 (Gauge invariance of the Wilson action). The Wilson action is
gauge invariant if S(;<[U]) = Sg([U’D holds.

Due to the fact that the Wilson action depend on the trace of the plaquette,
the gauge invariance can be easily shown:

Upy (x) = Uw,OUeraﬁ,lUlJraLoni»l

_ T R .
- WIB UIB,O Wz+a() Wx—i—aO []90—1—(107 1

. . T
+a0 Ux+a071 W;H_a(f)_;,_j)

T T T i T
WgH_a(fH_j)(Wx+aiUx+ai,OWm+a(i+ﬁ)) (Wwa,le+ai)

W Ut W, iUl W)

_ T I
_Wwa’OWz—&-a()Wx z+a(1+0) :c+ai,0W:c+ai z+al

= Wwa,OUx+aG,1U;_,_aj’OU;,lW;:r
= W, Upy (x)W].



1.3. Hamilton Operator

All except for the first and the last transformation matrices W, vanish. Be-
cause of the properties of the trace, the trace of a closed path of link variabes
is gauge invariant.

tr(Uél(x)) = t7“<WxU01($)W;)
tr(W;WzUol(ﬂf))
= tT(UOl (ZE’))

Thus the Wilson action is gauge invariant. It is possible to create other gauge
invariant expressions, for example by another closed path of links. For a small
lattice spacing a — 0 the continuum limit will be reached.

Remark 1.7 (Expectation value of a gauge field). We can transfer the expec-
tation value (A) of equation (1.1) to the one of a bosonic gauge field [U] with
Wilson action Sg([U]). It reads

() = [1a0] (s ([0)) A(10]) (1.4

with Haar measure [dU| (see definition A.1) and partition function

7 = [lav) eXp(—Sg([U])>.

The expectation value (A) will be computed numerically. As we shall see later,
we use a Hybrid Monte Carlo method to evaluate the path integral of equation
(1.4). For this purpose, we need the Hamiltonian of the gauge field.

1.3 Hamilton Operator

The Hamiltonian H represents the total energy of the bosonic field. It is a
conserved quantity, such that its time derivative H vanishes. Furthermore,
the Hamiltonian induces the Hamiltonian equations of motion.

Momenta

We introduce a field [P] of fictious momenta on the lattice needed for the
definition of the Hamiltonian. The momenta [P] are associated with the links
[U]. For every link matrix U, , there exists a fictitious conjugated momentum
P, .. These elements P, , are traceless, and hermitian (N x N)-matrices, 1. e.

Poy=Pl, and  tr(P,)=0.
The traceless and anti-hermitian matrices ¢ P, , are elements of the Lie algebra
su(N,C) = {X € GI(N) | X + Xt =0 and tr(X) = 0}.

associated to the Lie group SU(N, C).



Chapter 1. Gauge Fields on a Lattice

Definition 1.8. The Hamiltonian
H([U, P)) = Brin([P]) + Sa([U]) (1.5)

depends on the set of link matrices [U] and its conjugated momenta [P]. It
consists of the kinetic energy Ey;, and the Wilson action Sg.

The kinetic energy is associated with the set of momenta [P] and reads
1
Eyin([P)) = =3 zojltr(P;M). (1.6)
T p=0,

The Hamilton operator induces the Hamiltonian equations of motion:

aHQaFﬂ__ 0P,

_ __p

ou,., ot o
oH(U.P)  au., .

and P, = % Ui

Note that the time derivatives UCW and Px,u do not depend on real time but on
a fictious computer time. This means the Hamilton operator and its equations
of motion are quite artificial because the momenta and the time are factitious.
Nevertheless, we can develop formulas to compute the Hamiltonian equations
of motion.

1.4 Hamiltonian Equations of Motion

The Hamiltonian equations of motion read

oH([U. P) = U,,=iP, U (1.7)
an“u T,u z,uY T, u
oM ([U, P) B
o U, , Fou = _ZN{UI7“V””’“}TA (18)

with traceless and anti-hermitian operator

1 1

using Wy, = Uy Vo, — VzT,uU;,u' The variable V, , is called sum of staples as

mentioned in definition 1.3.

1.4.1 Time Derivatives of the Links

The differential equation ‘
Uppp = 1Py - Ug . (1.10)

8



1.4. Hamiltonian Equations of Motion

can be motivated from the structure of the links and the momenta as follows:
The elements U, , of the Lie group SU (N, C) ca be identified with the (/N +41)-
dimensional unit sphere

SN—H = {ZL‘ € RY*! with ||I’||2 = 1}
It is possible to define a small rotation
R:SU(N,C) — SU(N,C), Uz7un—>Ux,#:R-Ux,# (1.11)

on the unit sphere Sy,;. Every small rotation can be seen as infinitesimal
transformation

R=1Iy+6R (1.12)

which consists of the identity and an infinitesimal rotation d R with § — 0.
It follows

1.12) .

T

and thus

Upp=06R-U,,. (1.13)

Lemma 1.9. The infinitesimal rotation matrices 6 R are elements of the Lie
algebra su(N,C). They can be identified with the momenta P, , via

SR =iP,,. (1.14)

Proof. We show that the infinitesimal rotation matrices d R have to be traceless
and anti-hermitian.

Because we use the Lie group properties, the fact that the rotation matrix R
is situated in the special unitary Lie group is the crucial point in this proof.

e Due to the fact that R is unitary, 0R has to be anti-hermitian: The
inverse of R reads

R'=R'=(Iy+0R) = Iy + 0R".
It holds
In=R-R'=(Iy+06R)-(Ix +0R") = Iy + 6R" + SR + $*RR".
After a linearization we get
Iy =Iy+06R'+6R
and thus 6R has to be anti-hermitian, i. e. R = —6R'.

e Since R is a special matrix, i. e. det(R) = 1, it follows that 0 R has to
be traceless: Using the identity

det(exp(0R)) = exp(tr(dR))

9



Chapter 1. Gauge Fields on a Lattice

and the Taylor expansion
R=Iy+0R+ ;(53)2 + ... = exp(6R)
of R, we get
1 = det(R) = det (exp(éR)) = exp(t'r’ (5R)).

Hence, 0 R has to be traceless.

The equation of motion
Uppp = 1Py, - Uy . (1.10)

immediately follows from (1.13) and (1.14).

1.4.2 Time Derivatives of the Momenta

The derivation of the equation of motion for the momenta needs a few consid-
erations: Due to the energy conservation, it holds

H([U, P)) = Exin([P]) + Sa([U]) = 0.

Thus we have to deduce the time derivatives of the kinetic energy and the
Wilson action to get a concrete formula for H: While it is evident that

Bin(IP) = 5 5 3t (PP + Pryls)

x H’:071

= > tr(PepPes) (1.15)

z pu=0,1

holds, the calculation of the derivative of the Wilson action

Se([U]) = —2@ S tr(UepVay + ViE,UL) (1.16)

z p=0,1

requires some additional work.

The derivative of the Wilson action

We start with the Wilson action and use the property (A.4) of the trace:

SG<[U]) — %:6(1 - ;Re<tr<Uo1(I)>>>
- Safi- ot )

10



1.4. Hamiltonian Equations of Motion

Then, we replace the plaquette variable Uy (z) with the product of links (see
equation (1.2)) and rewrite the Wilson action as

Se([U]) = —va ( (Ua0Us 001U o1 oUis + (UroUsyaga UL 1 UL 1)T)>

B
T 2N . ( (UxoU +a01Ux+ 10U$1+U”“U +“10U$+01U ))

The time derivative Sg([U ]) of the Wilson action can be computed in a
straightforward way. Because a reordering of the matrix product has no effect
on the trace (see equation (A.3)), the time derivations of the links are placed
at the beginning and the end of a product of links.

SG( ) B Z tr( z 0Um+00 1U;+a1 OUJE 1+ Ul” 1Ua:+a1 0U;Z+a0 1U

+U+a01U Ul Uso + Upiai U, o UL

z+al,0 z+a0,1-

+Ux,1Ua:0U +a01U +Ux0Uz1U +a10U

x+a 1 ,0 m+a0 1

OU:B,l

+ U, OU z+a0, 1U

z+al,0

U6y + UpaU, o oU' UT> (1.17)

z+al 01

Taking account of some additional information, we simplify this expression.
Since we sum over all lattice sites x, we can shift some indices. This will be
done in such a way that we can factorise the time derivatives of the links, e.g.

rt+al,052,0 and z+a0,1— z,1.

The shifts in direction —0 and —1 imply the changes

x+a6,1;0>x71 x+ai,0;1>x,0,

x+ai,0_—0>x+a(i—0),0, x+a0,1;1>x—|—a(0—i),1,
a:,l_—0>x—a(A),1, :C,O_—1>x—ai,0,
x,0;0>x—a0,0, x,l_—1>x—a1,1.

Using these shifts and equation (1.17), we get

Z tr( 20Uz 4at, 1Uz+ i oUT +U a+al 0U:Z+a6,1U$T,0Ux’1>

—Ztr< ( x+a01Ux+a1 OUT1+UT (0— 1)1U; alon al 1)>

and Ztr( UeUs it U U + Uit UL oV Ui )

—Ztr( ( r+a10Um+ao1U +UT a(i-0) oU;r a01Ux aOO))

11



Chapter 1. Gauge Fields on a Lattice

The inner sums of the expressions above consist of the sum of staples of the
links U, and U, ;. This implies

Ztr( on+a01U+1OUT +U+a10UT+a01 OU“) Ztr( )
and Ztr( e1UsyaioUl o1 Ubo + Usyao UL g oUEAUs 0) Ztr( Vi)
The other 4 addends of equation (1.17) lead to the inverse expressions

S (UL Vel a0, Ui UeaUs vtV i Ula) = S tr(VioULo)
and Ztr( UenUsai o5 + UnUsat IU;MLOU;J) = S tr(VL01)

The insertion of these equations in the derivative of the Wilson action of equa-
tion (1.17) yields

SG( ) ZtT( azovxo—i*erV:cr+VT0UT,0+VQ:T,1U;,1>
Z 3 tr(U V. +Vqugu)
z p=0,1

and coincides with equation (1.16).

The derivative of the Hamiltonian
We can outline the derivative of the Hamiltonian

0= H([U, P]) = Exin([P]) + Sa (1)
using the kinetic energy (1.15) and the Wilson action (1.16):

H(O.P)) =3 3 tr(PepPey) — Z > tr(UnyVau + ViLUL).

z p=0,1 T p=0,1

Having in mind that we are seeking for the derivative of the momenta vauv we
replace U, , in Sg([UD with iP, ,U, ,. Again, we use the property (A.3) of the
trace. Furthermore, P, , is hermitian, i. e. P, = Pg,u. Thus the derivative
of the Wilson action is rearranged as

Sa(U1) = Z p3 (1P Ve + V(1P ss)')

Z > tr(iPeplUs Ve — VUL PL)

T p=0,1

__Z*z 5 tr(( viVou = VUL Py )

z pu=0,1

12



1.4. Hamiltonian Equations of Motion

and inserted in the formula of the derivative of the Hamiltonian such that

’H([U, PD =) D tr (Px,qu,u - Z’;\T(Uw,uv&u - VzT,ngI,u) Px,u)

z pu=0,1
= Z ;1 tr((P N Zﬁ(Ux,qu,u - V:ET,MU;,;LDP:E,/L
T I*’/_ bl
holds. Then we use the shortcut
B
Fy, = —zﬁ(UmMVr,# - viut,) (1.18)

and insert it in the formula above:

0=H(U.P) =3 % tr((Pgw + FW)PW).

z p=0,1

The derivative of the momentum

It follows the sufficient condition
0= tr((Px,# + Fm,“)Pm,u). (1.19)

for all sites z and all directions . Then we can determine the form of P,
with a consideration of the properties of the trace.
The most important feature is that the momentum P, , is traceless. Since

equation (1.19) holds for all traceless and hermitian matrices P, ,, the matrix
P, ,, has to be multiplied with a constant times the identity,
P,,+F,,=c-Iy,
with so far unknown constant c¢. This means
Poy=c-Iy—Fy, (1.20)

Due to the fact that the derivative Pgw of the momentum P, ,, also has to be
traceless, we can determine the constant via equation (1.20) considering the
trace:

tr(Px,u) = tT(C'IN - Fx,u) = tr(c']N) _tr(Fw) =c N _tr<Fx»“)'

With tr(P,,) = 0 we yield

and get the result
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which can be rewritten by means of (1.18) as

P, = izfv(UWVx,# ~viul,) - ;tr(izfv(Ux,uV;# ~ViUE)) - In

With help of the notation of the traceless anti-hermitian operator of equation
(1.9) the equation of motion concerning the momenta amounts to

: 3 { }
P, =i={U,,V, . 1.8
T /LN U 7anu' TA ( )

Hence, the Hamiltonian equations of motion are derived.

14



Chapter 2

Hybrid Monte Carlo Method

Our aim is to calculate the expectation value (A) (see equation (1.4)) of an
observable A over an ensemble of gauge field configurations, i. e.

exp(—S([U
=340 2 Z([ ) (21)

where the partition function reads

7 = Zexp(—S(U)).

{U}

Note that S ([U D denotes the Wilson action and {U} means all configurations.
We assume that the expectation value can not be calculated directly, so it has
to be computed by a numerical simulation. Thereby, the occurence of almost all
configurations is very small such that we need many configurations to reach the
correct expectation value (A). To scale down the computational effort, we need
a more sophisticated method called importance sampling. This is implemented
by choosing configurations according to the Boltzmann-distributed probability

pe=p([07) = 5 e =5(107) ) 2.2

such that configurations [U?] occurring with a high probability will be pre-
ferred. This approach is realized in the Metropolis Monte Carlo method and
can be improved to a Hybrid Monte Carlo method. The original idea of the
Hybrid Monte Carlo method has been described in [6]. It can also be found
in [4] and [7]. Section 2.1 is taken in large parts from [7]. For section 2.2, the
references [6] and [4] are used.

2.1 Metropolis Monte Carlo Method

The Metropolis Monte Carlo method is based on the principle of a Markov
process which is described below.

15
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2.1.1 Markov Process

A Markov process is a stochastic method which generates a new configuration
from one or more old configurations. Thereby, the probability pgk) to find
configuration [U’] at time point k& depends only on the previous configurations
themselves and not on the point in time. If the new configuration depends
only on its predecessor the Markov process is called Markov process of first
order.

Definition 2.1 (Stochastic matrix). A matriz T is called stochastic if and
only if its elements are greater than or equal to zero and if the sum over each
row is equal to one, 1. e.

T,; >0 Vi, j and T, =1 Vi
J

Theorem 2.2 (Perron-Frobenius). Let T be a stochastic matriz. Then there
exists a non-negative vector v with vI' = v. This means v is a (left-) eigenvec-
tor of T with eigenvalue 1. If all elements T;; are larger than 0, the eigenvalue
1 is a stimple one.

Let {[U]} be a set of configurations. Then the Markov process will be created
with help of the transition probabilites T' ([Uz] o [Uj]) =: Tj; such that the
Markov chain reads

00 2 (ot B2 ) B (2.3)

with indices 0, 1,2, ... representing the elements of an index set.

We are interested in the equilibrium distribution of the fields [U], which is the
fixed point of the Markov process (2.3) under the conditions described as fol-
lows. First of all, the transition propabilities have to be ergodic, which means
that every possible configuration can be reached with a certain probability
from any other one. This property will be denoted with 7;; > 0. Furthermore,
the stability criterion

ST = v (2.4)

has to be fulfilled. The stability criterion can be written in a more compact
form as

p* = p®™T (2.5)
with row vector p*) = (pgk), pék), . ) and transition matrix 7". The row vector
p*) represents the probability distribution of the configurations after k steps

in the Markov chain. Due to the theorem of Perron-Frobenius we get for
limy_,0o p* = p the fixed point equation pT" = p. With strong ergodicity
T;; > 0, the fixed point p will be unique.

The aim of the Metropolis algorithm is to construct the transition matrix T
to reach a prescribed equilibrium distribution p, in our case the Boltzmann
distribution (see equation (2.2)). For this purpose, we use the detailed balance

16
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condition, which is a stronger requirement than the stability criterion, but
easier to handle:

pili; = piTji. (2.6)
Note that the detailed balance condition is not necessary but sufficient. We

obtain the stability criterion (2.4) if we sum over i and use definition of a
stochastic matrix (see definition 2.1):

ZpiTij = ijsz‘ :ijTji =p;

2.1.2 Metropolis Algorithm

With the aforementioned concepts we can introduce the Metropolis algorithm
and analyze the acceptance and update step.

Algorithm 2.1 (Metropolis Algorithm). Let p;, resp. p; denote the probability
for the occurence of the configuration [U'], resp. [U?]. The transition matriz
will be created from an initial field configuration [U'] by alternating an update
and an acceptance step:

1. Update step:
Create a test configuration [U7] randomly.

2. Acceptance step:
Accept the configuration [U’] with transition probability

T = min(l, &) (2.7)
Acceptance step

The acceptance step has to fulfill the stability criterion (2.4) to reach the fixed
point of the Markov process. Indeed, it satisfies the detailed balance condition
(2.6) because it holds

pili; = p; - min(l, &) = min(pi,pj) =p;- min(&, 1) = p;T}i.
Di Dj

Hence, with strong ergodicity (7;; > 0 for all 4, j) the Markov process will tend
to a unique fixed point. Concerning the action of the model, the fixed point
should be Boltzmann distributed, i. e. the probability for each configuration
[U?] reads

1 i
pi=- exp(-S([U7]) ).
With AS = S([Uj]) - S([U’]) the transition probability can be rewritten as
T = min(l, exp(—AS)). (2.8)
This means the new configuration will always be accepted if the action has
become smaller. Otherwise, a uniformly distributed random number r € [0, 1]

has to be generated and the new configuration will be accepted if r < 7T}, holds.

17
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Update step

The update can be carried out by changing one or more elements of the old
configuration. If we replace just one element we call it local update. In doing
so, we will get a high acceptance rate since the difference of two actions will
be small.

Refreshing all elements of a given configuration is called global update and
produces a lower acceptance rate because the average difference of two succes-
sive actions S([U"]) and S([U’]) will be relatively large. Thus the local update
will naturally be favoured in a Metropolis Monte Carlo algorithm unless the
acceptance step of a local update will cause as much computational effort as
the acceptance step of a global update.

2.2 Hybrid Monte Carlo Method

In quantum field theories, we can distinguish between two different sorts of
fields, the bosonic and the fermionic field. If we do not just consider the bosonic
but also the fermionic field, the acceptance step comprises the inversion the of
a large matrix called Dirac operator. Unfortunately, this inversion needs much
computational time such that one global update will be preferred instead of
many local ones.

Nevertheless to reach a high acceptance rate the idea is to replace the action
S[U] with the Hamiltonian H([U, P]) (see definition 1.8) and combine the
Metropolis method with a Molecular Dynamics method. For this purpose, we
use

pi = ; : exp(—?—[([Ui, Pl]) ) (2.9)

as new probability distribution. Since the Hamiltonian is a constant in time
the advantages of getting a high acceptance rate and saving many matrix
inversions by performing a global update are combined.

Molecular Dynamics Method

In the Molecular Dynamics method, the Hamiltonian equations of motion

OH(U®),PM)])  aP@)

( T T
OH([U®), P(O])  oU() :
and P = o U(t)

will be calculated by numerical integration. These equations define a trajectory
[U(t), P(t)] through phase space where the variable ¢ denotes the fictious time.
Starting from an initial configuration [U*, P] at time ¢, = 0, the new configu-
ration [U7, P/] at time ¢ will be obtained via a numerical integration through
phase space.

Because the Hamiltonian is conserved in time, the Hamiltonians of two succes-
sive configurations will be the same up to the numerical errors of the integration
method.

18



2.2. Hybrid Monte Carlo Method

Algorithm 2.2 (Hybrid Monte Carlo Algorithm). During the Hybrid Monte
Carlo algorithm the following steps will be carried out:

1. Select an initial configuration [U?] randomly.
2. Create conjugated momenta [P?] randomly according to equation (2.11).

3. Reach the new configuration [U?, P7] by performing a Molecular Dynam-
ics step.

4. Compute the difference of the Hamiltonians as AH = HI — H'.

5. Accept the new configuration with acceptance probability

PA([Ui7Pi] — [Uj,Pj]) = min<1, pj) 22 min(l, eXp(—AH)). (2.10)

)

6. Start at step 2.

Choice of the initial field and momenta refreshment

The initial field configuration [U] can be chosen arbitrarily, for example with
uniformly distributed random numbers, because the system will converge to
the unique fixed point.

The conjugated momenta [P] are chosen at random from a Gaussian distribu-
tion

Po([P]) ~ exp <_; 3 Tr(P2,)) = exp(~Ba(P])) (@210

with mean 0 and variance 1. It is important to generate a new field of momenta
in each step. This has to be done regardless of acceptance or rejection of the
new configuration to ensure ergodicity.

Acceptance step

During the acceptance step, the configuration [U*, P] and its successor [U”, P7]
have to be considered. The total energy in terms of the Hamiltonian

H([U, P]) = Ewn([P]) + S([U])

from equation (1.5) is used to decide whether the new configuration will be
accepted or rejected.

If the energy becomes smaller, the new configuration [U7, P7] is always ac-
cepted. Otherwise a uniformly distributed random number r € [0, 1) has to be
generated. In the case of r being smaller or equal than PA<[Ui, P — U7, PjD
given in equation (2.10) the new configuration is also accepted. The configu-
ration [U?] is replaced by [U7] to proceed in the next step. To save computing
time the value of the action S([U?]) can be changed to S([U7]).

Whenever the acceptance probability PA([U L P — U7, P ]) is smaller than
the random number 7, the new configuration is dismissed and the old one [U’]
is used again in the next step.
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Convergence of the Markov chain

It is essential for the Hybrid Monte Carlo method that the Markov process
converges to the fixed point of the equlibrium distribution of the field config-
urations [U].To ensure this, the numerical integration scheme has to fulfill the
detailed balance condition concerning the action S([U]), i. e.

piliy =p; Ty with  p; ~ exp(—S([Uﬂ)).

Again, the total transition probability to reach configuration [U’] from [U"] is
denoted with T;;. Compared with the transition probability of the Metropolis
Monte Carlo method, the transition probability 7;; for the Hybrid Monte Carlo
method is a complicated expression. It is obtained via an integration of the
different probabilities P4, Pe and Py; over the conjugated momenta:

T, = /[dPide] Pa([U7, P = (U7, P])Pa([P]) Pu (U7, PF) — U7, PP)).

(2.12)
P ([U P — U7, PI ]) denotes the probability to reach the new configuration
(U7, P?] from the old one [U?, P?] via the molecular dynamics step.

Lemma 2.3. (Time reversibility of the integrator) The numerical method used
in the Hybrid Monte Carlo method has to be time-reversible, (i. e. in mathe-
matical notation symmetric) to fulfill the detailed balance condition

PiTz‘j = Pjsz‘

with p; ~ exp(—S([Ui])) and transition probability.
T, = /[dP"dPﬂ’] Pa([U7, P — [U7, P1))Pe([P']) Pas ([U7, P — [U7, P7)).

Proof. The time-reversibility means that the probability to attain configura-
tion [U7, P?] from configuration [U*, P'] is the same as the probability to get
[U*, — P] from the start configuration [U7, — P/] with reversed momenta [— P7].
It is essential for the proof of the detailed balance condition (2.6) that the nu-
merical integration scheme for solving the equations of motion is symmetric or
time-reversible. This means that the mapping [U?, P!] — [U7, P7] is reversible
in the sense that

Pur([U7, P = U7, PT]) = Py ([U7, —P7) — [U", = P)). (2.13)
Furthermore, it holds
piPa([P']) = exp(~H([U", P']))

since S([U’]) + E ) = ”H([Ui,Pi]). Using the formula (2.10) for the

kin ([Pl]
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acceptance probability, we attain
pi - Pe([P]) - PA<[UZ',PZ'] 5 [Uj,Pj]) —
exp(—H([Ui,Pi])) -min(l, exp(—A’H)) =

eXP(—H([Uj’Pj])> .min<exp(A7{, 1) -
pj - Pa([P7]) - PA([Uj,Pj] — [Ui,Pi]>.

Thus, we yield with equation (2.13)

piTy = pi [[AP'APY] Pa([P) Pa((U7, P'] = (U7, PP (U, P — U7, PY))
= p; /[dpfdpj] PG([Pj])-PA<[Uj, P — [UY, Pﬂ) Pu([U7, =P’ = U, —P7).
After changing the sign of the momenta (i. e. [P] <+ [~ P and [P?] +» [—P7])
we get
piTi :Pj/[—dpi — dP7] Pe([-F]) - PA([U”} —P7] = [Ui7—Pi]>
Pur([U7, PP — [U*, PY))

The Hamiltonian H does not depend on the sign of the momenta such that the
gaussian distribution and the acceptance probability both remain unchanged
after a change of a sign. Since [dP'dP?] equals [—dP" — dP7], we can rewrite
the last equation as

»iTy =D, / [dP'dP?) Po([P7]) - PA<[Uj,Pj] 5 [Ui,Pi])
Pu([U7, P = U, P) = Ty
Il

Lemma 2.4 (Area-preservation). Let the numerical integration method used
in the Hybrid Monte Carlo method be time-reversible. If the numerical inte-
gration scheme is also area-preservating (i. e. symplectic), the Markov process
converges to the fixed point of the equlibrium distribution of the field configu-
rations [U].

Proof. We have the Boltzmann- and Gaussian-distributed probabilities

(U] ~exp(=S([U]))  and  Pu(P)) ~ exp<—Ekm<[P]>>.

Both probabilities are normalized such that

Jlavp(uy =1 and  [laPPo(P) =1

21



Chapter 2. Hybrid Monte Carlo Method

holds. It follows
p(0)Pe((P) = = exp(=S([U])) exp(~ B (1))

exp(—'H([U, P]))

1
n

with a normalization constant
n= / [dUdP)exp(~H (U, P1)).

The normalization factors should be the same for all configurations. That
means, the factor

n; = /[dUidPi] eXp(_%([Ui7Pi]))

of configuration [U7, P7] should be the same as the one of the succeeding con-
figuration [U7, P7], i. e.
ny = [ldUiap)exp(~H (U7, 7))
- / (U dP')exp(~H([U", P')) exp(—AH)

with AH = H[U’, P/] — H|[U*, P"]. Using

(exp(—AH)) = E / (AU dP")exp(—H([U", P']) exp(—AH)

n;

it follows

n; = ni(exp(—AH)).
If the numerical integration method is area-preservating, it holds n; = n,.
Hence, the expectation value of (exp(—AH)) has to be equal to one. O

In case of no area-preservation, there has to be a correction in the acceptance
step to ensure this.
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Numerical Integration

In the previous chapters, the effective calculation of the expectation value (A)
of a gauge field (see equation (2.1)) by a Hybrid Monte Carlo algorithm is
described. In doing so, the Hamiltonian

H([U, P1) = Biin([P]) + Sa([0])

(see equation (1.5)) has to be evaluated.

For the numerical integration it is important to note that the kinetic energy
Elin is composed of the traceless and hermitian momenta P whereas the Wilson
action Sg depends on the link matrices U which are elements of the Lie group
SU(N,C).

The sets of links U and momenta P will be calculated in a Molecular Dynamic
step by means of solving the equations of motion

U(t) = iPOU®E)  and  P(t) = z‘f]{U(t)V(t)}

TA

given in the equations (1.7) and (1.8) numerically. For convenience, these
equations will be denoted as

Ut)=f(U@),iP(t) and  P(t)=g([U®)]). (3.1)

Since the sum of staples V() (see definition 1.3) consists of the surrounding
links of U(t), we consider it as fixed. Thus P(t) can be expressed as function
g of the whole field [U(t)]. The variables § and N are constants.

The numerical integration during the Molecular Dynamic step is the crucial
point in the Hybrid Monte Carlo algorithm and will be investigated in detail in
this chapter.We start with discussing the properties of the integration method
and present known methods for computing differential equations in Lie groups.
Afterwards, partitioned Runge-Kutta methods are introduced and brought
forward on matrix Lie groups. These methods can be found in [2]. Finally, we
place our emphasis on solving the equations of motion (3.1) with partitioned
Runge-Kutta methods and check the time-reversibility and convergence order

of this scheme.
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3.1 Desired Properties of the Integration Scheme

A suitable integration scheme has to fulfill several properties:

e First of all, the numerical solution (U ) P) has to consist of a link U situ-
ated in the Lie group and an associated momentum P, which is traceless
and hermitian.

e Additionally, the scheme has to be symmetric or time-reversible to fulfill
the detailed balance condition required in the Hybrid Monte Carlo algo-
rithm.

Note that the concept of symmetry is widely used in mathematical lan-
guage whereas the item time-reversibility occurs frequently in physical
literature.

e The integration should also be volume-preservating. If this is not the
case, a correction in the acceptance step has to be performed. The
volume-preservation will not be investigated in this work.

e Furthermore, preferably a high convergence order should be obtained to
allow larger step sizes and reduce computing time.

3.1.1 Differential Equations on Lie Groups

Let a matrix Lie group G € GL(n) be given. (GL(n) is the set of all quadratic
and invertible matrices of dimension n xn.) A Lie group is also a differentiable
manifold and has a tangent space Ty G in every point U € G. The tangent
space g = T;G at the identity [ is the appropriate Lie algebra of the Lie group
GG. Note that the dependence of the Lie algebra element A on the Lie group
element U is expressed in the whole section by Ay .

Lemma 3.1 (Differential equations on manifolds). Let U be an element of the
Lie group G and Ay an element of its associated Lie Algebra g. Then it holds:

o AyU is an element of the tangent space TyG := {AyU|Avu € g}.
o U = AyU defines a differential equation on the manifold G.

Proof. With Ay € g and the definition of the tangent space T7G there exists a
differentiable path «(t) in G with «(0) = I and &(0) = Ay. For a fixed U € G
the path v(t) = a(t)U satisfies v(0) = U and 4(0) = ApU.

Thus AyU is an element of the tangent space Ty G and U = AyU defines a
differential equation on the manifold G. O

Theorem 3.2. Let G be a matriz Lie goup and g its Lie algebra. The solution
of the differential equation '
U=AyU (3.2)

satisfies U(t) € G for allt, if Ay € g for all U € G and the initial value Uy is
an element of the Lie group G.
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It is a consequence of the last theorem that the differential equation U(t) =
Ay (t)U(t) can be solved by finding a suitable expression §2(¢) in the Lie alge-
bra g and map it into the Lie group G. One way to get the solution of the
differential equation (3.2) is constituted by the theorem of Magnus.

Theorem 3.3 (Magnus, 1954). The solution of U(t) = Ay (t)U(t) with Ay(t) €
g and U(t) in the appropriate Lie group G can be written as U(t) = exp (Q(t))Uo
with Uy € G and Q(t) definded by the derivative of the inverse exponential map

O(t) = dexpg! (As(t)) = 3 ifadg (Au(t)) (3.3)

k>0

with initial value Q(ty) = 0. As long as ||QUt)]| < 7, the convergence of the
dexpg' expansion is assured.

There are still some unknowns in this theorem that have to be explained.

Definition 3.4 (Bernoulli numbers). The elements By, in theorem 3.3 are the
Bernoulli numbers, defined by

3 Brw_ =
=0 k! exp(z) — 1

The first few Bernoulli numbers are By =1,B; = —1, By = 1 By = 0.

-5

Definition 3.5 (Adjoint operator). The adjoint operator adg(A) is a linear
operator

ad:g—g, A adg(A)=1[Q,A]

for a fixed Q) and uses matrix commutators.

The adjoint operator can be used iteratively, such that adf, denotes the k-th
iterated application of the linear operator adg. By convention, ady(A) is set
to A.

Differential equations on the special unitary Lie group

Let us return to the equation U(t) = f(U(t),iP(t)) = iP(t)U(t). Due to the
fact that U(t) is an element of the Lie group SU(N, C) and i P(t) its associated
Lie algebra element, this is a special case of equation (3.2).

Applying lemma 3.1, we know that

U(t) = iP(t)U(t)

is a differential equation on the Lie group SU(N,C). It follows from theorem
3.2 that this equation has a solution U(t) in SU(N, C) if we solve an initial
value problem with initial value Uy € SU(N, C). This can be performed using
the theorem of Magnus above.
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3.1.2 Symmetry (= Time-Reversibility)

To ensure the convergence of the Markov process to the equilibrium distri-
bution, the symmetry is a necessary property of the integration method. We
investigate the symmetry of a numerical one-step scheme ¢;, by the term of its
adjoint method ¢j.

Definition 3.6 (Adjoint method). The adjoint method ¢} of a method ¢y, is
the inverse map of the original method with reversed time step —h, i. e. ¢}
is identified with ¢~;. The index h ewpresses the dependence of the scheme on
the step size h.

As an example, we formulate the adjoint of the implicit midpoint rule:
1. We start with y; = ¢n(vo) = yo + h - f(0.5 (Yo + yl))

2. The adjoint method will be obtained by reversing the time step, i. e.
exchange y; <> yo and h <+ —h. Thus we get

Yo = ¢—h(y1) =y1—h- f(0-5 : (y1 + yo)>
as intermediate step.

3. Finally, we invert the map ¢_,(y;). This means, the equation above is
solved for ;. We get the result

y1 = ¢"4(yo) =yo+h- f(0-5 (1 + yo))
which is the adjoint method ¢} (o).

Definition 3.7 (Symmetry). A numerical one-step method ¢, is called sym-
metric or time-reversible, if it satisfies

bnod_p =1id or equivalently ¢ = ¢~; =: ¢}.
For the implicit midpoint rule, it holds ¢, = ¢7,, thus this method is symmetric,

i. e. time-reversible.

3.1.3 Convergence Order

In general, the convergence order of a method is composed of the consistency
order and an additional stability criterion. For one step schemes the stability
condition is automatically fulfilled, such that the consistency and the conver-
gence order coincide.

Definition 3.8 (Consistency order). A method is called consistent, if the local
discretization error tends to zero for a step size h — 0:

lr) <) with limy(h) = 0.
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Thereby, the local discretization error 7(h) is defined as

(h) = P(to + h;L— ¢1(h)'

with numerical solution ¢, (after one step). @(t) is the exact solution of the
initial value problem ¢' = f(t) with initial value ¢(ty) = ¢o. The method has
consistency order p, if |T(h)|| = O(hP) holds.

The consistency order will be obtained by expanding the exact and numerical
solution of the differential equation in a Taylor series and afterwards calculating
the local discretization error 7(h).

Since we solve the two equations for the links U and the momenta P simultane-
ously, we have to expand the exact solutions as well as the numerical solutions
U, and P; and consider both local discretization errors

() = U(t0+h;)L_ Ui (h) and  7p(h) = P(t, +h})b_p1(h)

to get the consistency order of the system (U, P).

Remark 3.9 (Numerical error after one trajectory). Let the convergence order
of a one-step scheme using the step size h be p. This implies a numerical error
of order hP*! after one step.

If a whole trajectory of length T = n-h is computed, the integration is performed
n times with step size h. After one trajectory, this implies a total error of order

o hPH — Lt — e

3.2 The Stormer-Verlet (= Leapfrog) Method

We start with the investigation of the properties symmetry and convergence
order on the basis of already known one-step methods applied to the problem
of solving the equations of motion of (3.1). First of all, these methods are
formulated for the general system of differential equations

v=fy,2), 2=gy,z)

with initial values y(ty) = yo and z(ty) = 2o. They can be found in [2] as well.

3.2.1 Lie-Euler Method
Definition 3.10 (Explicit Euler Method). The exzplicit Euler method reads

<y1> _ (y()) S =W + B+ f (Yo, 20) (3.4)

21 20 21 =20+ h - g(Yo, 20)-

Lemma 3.11 (Properties of the explicit Euler scheme). The explicit Euler
scheme is not symmetric and has convergence order one because ||1,|| = O(h) =

I71l-
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Proof. For symmetry, it has to hold ¢; = ¢5. The explicit Euler scheme is
not symmetric, because exchanging vy <> y1, 20 <> 21 and h <+ —h yields the

adjoint method
o Yo _ yo+h- flyr,21)
"\ 20 20+ h-g(y1, 21)
and thus ¢; # ¢,.

The consistency order of the scheme will be obtained by comparing the Tay-
lor series of the exact and numerical solution of the system (3.4). The local
discretization errors read

2

Yo + hy(to) + y(to) (3/0 + hf (Yo, Zo)) Bilte)  h
y(h) = = = 5ii(to)
h h 2
20 + hz(t t yo + hg(yo, 2 B2 5 (¢ h
and 7,(h) = - o) & ( o) - ( - o 0)) =2 £lto) = —Z(to).
h h 2
such that the convergence order is one. O

This method is not symmetric, and has just convergence order one such that
it is not suitable for simulation of gauge theories.

Lie Euler Method

Nevertheless, the explicit Euler method serves as an example to restate a
general method as a method for solving differential equations on a Lie group.
In this case, it is called Lie-Euler method. For the equations of motion

oH([U, P))
ou
in phase space (U, P) with initial values (U(to), P(ty)) = (Uy, Py) it holds

Uy = Uy + hU (to) = Uy + hiP(to)U(ty) = (I + hiPy)Uy = exp(hiPy)Uy + O(h?)
Thus, the method can be changed to

U1 ¢ U, = GXp(hiPO)UO & SU(N, C)
" iP,=iPy+ h-ig(Uy) € su(N,C)

oH([U, P

=—P=—g([um]) and P JI iP)U(1)

(3.5)

Symplectic Lie Euler Method

We can reformulate the explicit Lie-Euler method to the so-called symplectic
Lie-Euler method by evaluating the Hamilonian equations of motion at (U, P;)
and get

U Us\ [ Un = exp(hiP)Uy U, = exp(hiPy)Us
( ) ¢h< ) {P1 ZPop+h9(U0) }or{ Py =P0p+h9(U1) } (3.6)

which is a symplectic (i. e. a volume-preservating) method of order one. It
can be easily seen that this method is not symmetric.
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3.2.2 Stormer-Verlet Method

The combination of the two symplectic Euler methods from equation (3.6)
yields the Stormer-Verlet scheme which is also mentioned as Leapfrog method.

Definition 3.12 (Stormer-Verlet Method). The Stormer-Verlet scheme reads
h 4 h
Py =P+ 59(lh), Ui= exp(hiPy)Uy, Py =Py + F9U)- (37)

It is known as symmetric(i.e time-reversible), symplectic (i. e. volume-preserving)
and has convergence order two. Due to its properties, this method is used in
many applications, for example in simulations of lattice gauge fields. In these
simulations, a whole trajectory is computed at once. During the calculation
of one trajectory with length 7 = n - h, the integration (3.7) is carried out n
times with step size h:

h h

P% =P0+§Q(Uo), Uy :exp(hiP%)Uo, P1=P%+§9(U1)7
h h

Py = Py + 5g(U1), U, = exp(hiPy ) Uy, Py = Py + 2 g(Un),

h , h
P ; =rp1+ §Q(Un—1)7 Un = exp(thn_%)Un—la Pn = Pn_% + §g<Un)

In doing so, we start with an initial configuration (U(to), P(ty)) at time t.
Then, n trajectories of step size h are computed such that the final configura-
tion (U(to + 7), P(to + 7)) is reached.

The Stormer-Verlet method can be summarized in the following algorithm:

Algorithm 3.1 (Leapfrog method).
Let the initial values (U(to), P(to)) at time to be given. For simplicity, to is
set to zero. Thereby, the integration can be divided in three parts:

1. Start with carrying out one explicit Euler half-step for the momentum
o Py=Py+4-g(Uh).

2. Fork=1,....nandl=1,...,n—1 calculate alternately
o U, = exp(P(k_%),O “Ug—1)n
© Pyinyn=Poyynth-g(U)

such that the iteration ends with U,) and PT_%. In this part, the inte-
gration step size will be h.

3. The last half-step reads

o P.=P_.+4-9(U.)
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Note that the integration uses the step size h in the main part but only step
size % in the first and last halfstep to evaluate each link U and each momentum
P at two different points in time.

The convergence order of the Stormer-Verlet method is 2. This implies a
numerical error of order h3 after one step. Since the integration is performed
n = 7 times with an error of order h3, the numerical error after one trajectory

is of order h? (see remark 3.9).

3.3 Partitioned Runge-Kutta Methods for Lie
Groups

3.3.1 Partitioned Runge-Kutta Methods in General

Our aim is to reformulate the Stormer-Verlet method as implicit partitioned
Runge-Kutta method. As the investigated Stormer-Verlet method it also has
to be symmetric and should be volume-preserving. Additionally, we wish to
get a method of order greater than two to enlarge the step sizes, thus we have
to investigate the attainable order of the partitioned Runge-Kutta method.

Definition 3.13 (Partitioned Runge-Kutta Method). A coupled system
y=fly,z), 2=9(y,z)

of ordinary differential equations may be solved by a partitioned Runge-Kutta
method of the form

yi = yo+h) bK;, Z1=Zo+hZBij7
j=1 Jj=1
Kj = f(yo—i—hZaj,kKk, ZO—FhZ&j,kL]O,
k=1 k=1
Lj = g(yo +hZaj,kKk, 20 +hZCAI,]7kLk)
k=1 k=1

with initial values yo and zy.The coefficients b;, ajk,l;j, a;r and increments K;
and L; belong to the s stages of y1 and z.

Definition 3.14 (Butcher tableau). The coefficients b;, a;ng,Bj, a;r of the Runge-
Kutta scheme can be denoted in a Butcher tableau. For erxample, the Butcher
tableau for the coefficients aji, and b; (j,k=1,...,s) looks like

ay | a1 G2 ... Q15

Qg | 21 Q22 ... Az s

as | g1 Qs2 ... Qg
by by ... bs.
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3.3. Partitioned Runge-Kutta Methods for Lie Groups

The entries of the left column a; express the row sums of the coefficients a;,
. _ s
o€ a; =) 10k

Using these coefficients, we can distinguish between explicit and implicit Runge-
Kutta methods: We have an

e cxplicit Runge-Kutta method if a;, = 0 Vk > j
e and an implicit Runge-Kutta method if a;; # 0 for one or more k > j.

Theorem 3.15 (Symmetric Runge-Kutta scheme). The adjoint method of
an s-stage Runge-Kutta method defined by definition 3.13 is again an s-stage
Runge-Kutta method. Its coefficients are given by

* *
aj,k - bs+1—k — Os41—j,s+1—k » bj = bs—i—l—ka
- N R PN
A = bs+l—j — Ost1—j,s+1—k 5 bj = boy1-k-
The Runge-Kutta method of definition 3.13 is symmetric if
Asp1—jsti—k + @ik = b and  Gey1—jop1—k + Gjp = by for allj, k. (3.8)

Explicit Runge-Kutta schemes can not fulfill equations (3.8) with j = k and
thus can not be symmetric. So they are not suitable to be adopted in the
simulations of gauge fields and hence we have to investigate implicit partitioned
Runge-Kutta methods.

Runge-Kutta Method for Lie Groups

Transferred to our problem of solving the differential equations (3.1)

Ut)=f(U®),iP®t))  and  iP(t) = ig([U(t)]).

with initial values U(ty) € SU(N,C) and iP(ty) € su(N,C), the partitioned
Runge-Kutta method reads as follows:

Calculate Uy =Uy+ h Z b;K; and 1P, =iF+h Z Z)ij with increments

j=1 j=1

Kj = f(U0+hZaj7kKk, PQ‘I’hZa],kLk) and Lj :zg<UO+hZaj7kKk>
k=1 k=1 k=1

for the stages j = 1,...,s with the same coefficients b;, a;; and Bj, a1, used

above.

The solution ¢P; will be part of the Lie algebra su(N,C). Nevertheless, there
is a problem concerning the solution U;. The initial value Uy is an element of
SU(N,C), but the increments K are elements of the assosiated Lie algebra
su(N,C). Thus, U; is a sum of one Lie group and Lie algebra elements and
therefore not in the Lie group.

However, we know that the differential equation U(t) = iP(t)U(t) can be
solved by finding a suitable expression €2(¢) in the Lie algebra su(N,C) and
map it into the Lie group. This needs some general considerations.
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3.3.2 Munthe-Kaas Method

Let G be a Lie group and g the appropriate Lie algebra. Consider the differ-
ential equation

U=A@t)U(t) with A(t)egandU(t) € G,

that should be solved by a Runge-Kutta method.
Following the idea of Munthe-Kaas that uses the exponential map as transfor-
mation from the Lie algebra to the Lie group, the solution will be identified
with

U (t) = exp((t)) U. (3.9)

The initial value Q(ty) has to be zero in order that the initial values of U(t)
and exp (Q(t)) Uy coincide.

It is evident that the unknown function has changed from U(t) € G to Q(t) €
So we face the problem of getting the function €2(¢) € g that can fortunately
be obtained by the following approach using the derivative of the inverse ex-
ponential map dexpg’ (see equation (3.3)).

Algorithm 3.2 (Munthe-Kaas, 1999). We consider the differential equation
U=A®tU(t)

with A(t) € g and U(t) in the appropriate Lie group G. This problem can be
solved by the following steps:

o Tuke a suitable truncation

‘. By 1 1
Z? A—§[Q,A]+6[Q, @, A]] +

of the differential equation Q = dexpg’ (A(t)) given in equation (3.3).

e Use a Runge-Kutta scheme for the computation of the numerical solution
Q= Q(tg + h).

e Calculate the numerical solution of U = A(t)U(t) as U, = exp(Ql)Uo.
The suitable truncation can be found as follows:

Theorem 3.16 (Suitable truncation of Q) If the Runge-Kutta method is of
order p and the truncation index q of

q
k
=3 Jradi

satisfies ¢ > p — 2, then the method of the Munthe-Kaas algorithm is of order
P.
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3.3. Partitioned Runge-Kutta Methods for Lie Groups

Runge-Kutta Methods Applied to the Equations of Motion
Our problem

U() = f(U@).iP1)  and  Pt) = g([UO)]) (3.1)
with initial values U(ty) € SU(N,C) and iP(ty) € su(N,C) can be solved with
a partitioned Runge-Kutta method by means of the Munthe-Kaas method.

Instead of finding the solution of U(t) in the Lie group and the solution of i P(t)
in the Lie algebra, we use U(t) = exp(Q(t))Ug with initial value Q(ty) = 0.
Then we replace the differential equations of (3.1) by

1) = 1(001),iP(1)) = dexpi(iP)
and iP(t) = ig([exp(Q(t)) : U(to)]).
This is advantageous because we solve both differential equations in the Lie
algebra su(N,C) and get the solution (U(t), P(t)) = (exp(Q(t))U(to), P(t))
in the phase space via the mapping (3.9).

(3.10)

Remark 3.17 (Example of suitable truncations). It is sufficient to expand
the series of the inverse exponential map Q up to order p—2 to derive method
order p (see theorem 3.16). The truncation of Q reads

. —1/- 2 Bk k /-
Q=dexp '(iP) =) ﬁadﬂ(zp).
k=0 "

We yield Runge-Kutta methods of order p = 2 and p = 3 with

p=2: Q = f(Q,iP) = ByiP,
p=23: Q = f(Q,iP) = ByiP + By[Q,iP].

using the Bernoulli numbers By =1 and By = —3 (see definition 3.4) .

Definition 3.18 (Runge-Kutta method applied to the equations of motion).
The system of equations (3.10) with initial values (2(ty), P(to)) = (Qo, Po) may
be solved with a partitioned Runge-Kutta method. The scheme can be denoted
as ) \
O =Q+hY bK; and iPy=iPy+hY biL;.
j=1 j=1

The increments K; and L; read

K= f(Q+hY ajxKy, iPy+h> a;Ly)

k=1 k=1
and Lj = Zg (exp(Qo + h Z CL]',].CK]C) U0>
k=1
for 3 =1,...,s with coefficients b;,a;, and l;j, Q-
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Chapter 3. Numerical Integration

Due to the fact that the initial value of €(t) vanishes, the notation of this
Runge-Kutta method can be simplyfied as follows:

Remark 3.19 (Simplified partitioned Runge-Kutta scheme).

O =h> b;K; and iPi=iPy+h>_ biL;

j=1 j=1

with increments

K; = f(hi: a; Ky, 15 + hzs: &j,kLk) = f<Yj> ZJ’)

k=1 k=1
=Y; =:Z;
and L;=1ig (exp(h i: aj,kKk) U0> =19 (exp(i/})U())
=1
: =Y
and coefficients b;, a; and ZA)j, a;r for j,k=1,...,s.

In doing so we reach the numerical solution (Ul, Pl) = (eXp(Ql) Uy, Pl) that
will be investigated in detail in the following section.

Remark 3.20 (Kind of the variables). Note that Py, and Py are traceless and
hermitian matrices. The other variables )y, K;, L;, Y;, and Z; are elements
of the Lie algebra su(N,C). We solve both equations in the Lie algebra.

3.3.3 Conditions of Symmetry (= Time-Reversibility)

The Runge-Kutta method is symmetric, if the method coincides with its ad-
joint method. Unfortunately, theorem 3.15 can not be transferred to the
Runge-Kutta method on Lie groups, except for the special case of convergence
order p = 2. Even in this case, it has to be combined with a further condition
concerning the exponential function. Thus, we have to derive conditions for
the symmetry manually.

Given is the system

UlzeXp(Ql)U(J’ lehzijja ZPlz’LPO—i—hZ[A?jL]
j=1

j=1

with — K;=f(Y;,2;), L =ig([exp(¥;)Uo)), (3.11)

Y;‘:hzaj,kKlm Zj:iP0+hZij7kLk.

k=1 k=1

Special Case: Convergence Order p = 2

For the special case of convergence order 2, the function f(Y;, Z;) just depends
on its second element. As explained in the following paragraph in more detail,
the adjoint of the system will be attained as follows:
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3.3. Partitioned Runge-Kutta Methods for Lie Groups

e Exchange Uy < Uy, Py < Pi, h < —h and ; < —§;. Thereby, the
indices of the increments K, L;,Y; and Z; are changed to s + 1 — j.

e Rearrange the formulas due to the shape of the original method.
e Substitute the indices s +1 — 7, s + 1 — k through 7, k.

Hence, the adjoint of the method is denoted with

U1 = exp(Ql)UO s Ql = hz bs+1—jKj s ZPl = ZPO + hZZA)S_H_ij

=1 j=1
with K; = f(Z;) dependingon Z; =iPy+h z:(l;sﬂ_,C —a;) Ly
k=1
and L; = ig([exp(Yj) exp(Ql)UgD depending on  Y; = —h Z Ast1—js+1—k K-
k=1

Thus, we get the symmetry conditions

Ql : b* = b5+1_]’ 5

J
. fe 7
Pl . b] - b3+1,]’,

A~ % 7 ~ (312)
K] : ang = bs—‘rl—k = Qs1—j,s+1—k »
Li: ajp=bsy1k — asp1-jsr1-k, if ¥j and Q; commutate.
for j = 1,...,s. The symmetry conditions coincide with the conditions given

in theorem 3.15. Since exponential functions of matrices can just be subsumed
if the matrices commmutate, this would imply an additional condition for
the symmetry concerning the increments L;. For example, the colums of the
coefficients a; ;, denoted in a Butcher tableau can be multiples of the coefficients
b,. For this special case, there are coefficients, given in paragraph 3.4.1.

General Convergence Order

We run into problems concerning the symmetry of the increments L; for j =
1,...,s. These problems are

o K; = f(Y;,Z;) and L; = ig(exp(Yj)Uo) both depend on Y;. Thus the
symmetry conditions for the coefficients a;; have to coincide for both
increments K; and L; for j,k=1,...,s.

e As we have seen, a second exponential function exp({2;) occurs inside
the adjoint of L;. Since exponential functions of matrices can just be
subsumed if the matrices commmutate, this would imply an additional

condition for the symmetry, which should preferably be avoided.

Due to these problems, the function g will be modified:
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e First of all, we exchange the coefficients a;; with new coefficients c;,
g, k=1,...,s. We get

L;= ig([exp(Wj)UOD with W, =h zs: ;K.
k=1

Thus K; and L; do not depend on the same coefficients and we get 2
seperate symmetry conditions.

e The problem concerning the exponential function will be resolved as
follows: We introduce a function exp(%Ql) inside g, such that

L;= ig([eXP(Wj) eXp(;Ql)UOD

holds. Due to the shape of U; = exp(£21)Uy, both exponential functions
occur as well in the adjoint of L; and therefore do not have to be resumed.

Because of the aforementioned changes, the whole system of the Runge-Kutta
method changes to a symmetric one:

Lemma 3.21 (Symmetric Runge-Kutta method with a general convergence
order). The symmetric Runge-Kutta method for a general convergence order
reads

Ulzexp(Ql)Ug, lethjKj, ZP1:ZP0+}LZBJLJ,
j=1

Jj=1

K;=f(Y;,2),  Lj=ig([exp(W) exp(;Ql)UoD (3.13)

Yj:hZaMKk, V[/j:hzcj,kKky ZJ:ZP0+hZCALJ7kLk
k=1 k=1 k=1
Remark 3.22. The adjoined method has the same shape as the system given
in (3.13) with new coefficients denoted with a star. It looks like

Ulzexp(Ql)UO, leth;kKJ, 7JP1:ZP0—|—hZ[A);LJ,
) )

K= f(v;, %), Lj= ig([exp(Wj)eXp(%Ql)Uo]) , (3.14)

S S S
YVi=hY a; K, Wj=hY ¢ Kp, Zj=iPy+h» a},L.
k=1 k=1 k=1
Lemma 3.23 (Conditions for a symmetric Runge-Kutta method with a gen-

eral convergence order). The method described in lemma 3.21 is symmetric if
the conditions

Q : b5 = byr1_; (3.15)
P : . (3.16)
Y;: W = —si1-jst1-k (3.17)
Z; - (5 = bori — Qsp1—jsr1k (3.18)
W C;k = —Cst1—js+1-k (3.19)

hold for 5,k =1,...,s.
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3.3. Partitioned Runge-Kutta Methods for Lie Groups

They are obtained by exchanging
UQHUh P0<—>P1, h < —h and QlH—Ql.

Since we reversed the time-step, we also have to replace the increments K; and
L; by Kgp1—jand Lgyi—j for j =1,...,s. So we yield the new system

UO = exp(—Ql)Ul s —Ql = —hz ij5+1_j s ZPO = ZPl — hz [;jLs—i-l—j s
j=1

J=1

. 1
Kopioj = f(Yor1-j, Zss1-j),  Lsp1j = 29({GXP(W5+1—J') eXP(—§Ql)U1D ;

S S
Yoproj = —hY aju Kepiow, Wepioj=—hY_ cjn Keiig,

k=1 k=1

S
Zgp1—j =1P1 —h Y Loy
P

as intermediate step. We can transform the equations of the first line and
insert them into L; and Z;. If we substitute the indices j and k& by s +1 — j
and s + 1 — k, we will obtain the adjoint method of the system (3.13):

Uy = GXP(Ql)Uo ; Qi =hd be1 K, iPr=1iPy+h)_ 68-{—1—ij ;

j=1 j=1

K= f5.2), Ly = ig([exp(0)) exp(321)05))

S S
Yi=-h> ae1-jsi1-k Ki, Wj=—h> corijer1—k K,

k=1 k=1

Zj=1Py+h Z(Es—&-l—kz — Qg 1—js+1—k) L
P

A comparison of these coefficients and the ones of the adjoined method (see
(3.14)) leads to the symmetry conditions described in lemma (3.23) Note that
the conditions (3.17) and (3.19) differ from the symmetry condition for general
partitioned Runge-Kutta methods given in theorem 3.15.

The question of the existence of a partitioned Runge-Kutta method for Lie
groups that is simultaneously symmetric and has a convergence order larger
than 2 arises. We will see that it is possible to create a partitioned Runge-
Kutta method of convergence order three and combine it with the symmetry
conditions above. Using this scheme, we can solve the equations of motion
(3.1)

U(t)=iPtUt) and iP(t) =ig([U()]).
Remark 3.24 (Even convergence orders for symmetric methods). The prop-

erty symmetry implies an even convergence order, provided that the model error
s small enough.
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3.3.4 Derivation of the Order Conditions

The order conditions for the partitioned Runge-Kutta method of order p are
derived via Taylor expansions of the exact solution (U(t), P(t)) and the numer-
ical solution (Uy(t), Pi(t)) up to order p in the neighbourhood of ¢y = 0. The
comparison of the coefficients leads to the needed order conditions. To get or-
der conditions of order p, the coefficients of both solutions have to coincide up
to order p. Since the original function U(t) has been replaced by exp(§2(t)Uy),
it is sufficient to compare the coefficients of the Taylor expansions of the new
unknown functions (¢) and € (¢) instead of U(t) and Ui (t).

Preparation of the Taylor Expansions

Remark 3.25 (Taylor expansions of exact and numerical solution). The Tay-
lor expansions of Q(t), P(t), Q1(t) and Pi(t) read

[e's) hk 00 hk

Oto +h) = Y. 7:0W0(t),  Plto+h) =Y —-PP(t), (3.0
k=0 k! k=0 k!

Qi(to+h)=> ﬁﬁl (to), Pi(to+h)=> b (to). (3.21)
k=0 """ k=0 """

We develop the Taylor expansions around ¢y = 0. Thus using the Leibniz rule,
the m-th derivatives of €23 and P; evaluated at the point 0 read

0 (0) = m Y 5,9 (0)
j=1

. (3.22)
and  PI™(0) =m S b;P™(0).
j=1

These derivatives depend on the unknown function €(¢) that is the solution of
the differential equation Q(t) = dexp;)(lt). Due to the fact that the truncation of

(t) has to be adopted to the desired convergence order (see remark 3.17), the
computation of the Taylor series is not performed for a general case here. The
calculation takes place in the subsequent paragraphs concerning the examples
of convergence orders 2 and 3.

3.4 Munthe-Kaas Method for Convergence Or-
der 2 and 3

We show that it is possible to create a symmetric partitioned Runge-Kutta
method with convergence order p = 2 and p = 3 to solve the equations of
motion (3.1)

U(t)=iP(Ut) and iP(t) =ig([U()))
with initial values (UO, in).
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The Munthe-Kaas method

The solution of the equation of motion concerning the links U(t) is situated
in the Lie group SU(N,C). As mentioned in the last paragraph, it can not be
directly obtained via a Runge-Kutta method. This means, we have to rewrite
the function U(t) as

U(t) = exp(Q(t))Uo
such that the unknown function changes to €2(¢). (t) is the solution of the
differential equation

Ot) = £(1),iP(t)) = dexpg (iP(t)) (see (3.3))

situated in the Lie algebra su(N,C). Hence, the solution Q(t) of Q(t) can be
attained via a Runge-Kutta method in the Lie algebra su(N, C).

In this manner, the differential equations (3.1) being situated both in a Lie
group and in a Lie algebra are replaced with the two differential equations in
a Lie algebra. So we can solve

O(t) = f(Qt),iP(t)) = dexpg' (iP)
and iP(t) = ig([exp(Q(t)) - U(to)]).

with the algorithm of Munthe-Kaas (see algorithm 3.2). Thereby, the initial

values of (3.10) read (Qg, iPO) — (0,iP,). The function () has to be suitably
truncated, according to the desired convergence order p of the Runge-Kutta
method (as described in remark 3.17):

(see (3.10))

p—2

Qt) = f(Q(t), z’P(t)) = dexpg, (iP) = kz_j %adg(zp).

Our aim is to attain methods of convergence order 2 and 3. Thus, we can use
the suitable truncation of dexpq'(iP), i. e.

Q(t) = f(Qt),iP(t)) = iP(t) (3.23)
Q(t) = F(Q),iP(1)) = iP(1) — 5[0, iP(1), (3.24)

as mentioned in remark 3.17. Note that hese truncations imply model errors
of order p + 1, i. e. the model error of (3.23) is of order 3 and and that of
(3.24) of order 4.

3.4.1 Symmetric Partitioned Runge-Kutta Method of
Convergence Order 2

The symmetric partitioned Runge-Kutta method of convergence order p = 2
is a special case because it can be seen as reformulated Leapfrog method. We
start with the differential equations

O(t) = fF(Qt),iP(t)) = dexpg (iP)

: see (3.10
and iP(t) = ig([exp(Q(t)) . U(tO)D- ( ( )
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Using the truncation
Qt) = f(QUt),iP(t)) = iP(t)
given in equation (3.23), we get the differential equations
O(t) = f(Qt),iP(t)) = iP(t)
and iP(t) = ig([exp(Q(t)) : U(to)]).

(3.25)

The solution (Ql, Pl) of these differential equations (Ql, Pl) can be calculated
with the Runge-Kutta method of s = 2 stages as follows (see remark 3.19):

Since the function f(Q(t), iP(t)) = 1 P(t) only depends on its second variable,
the symmetric Runge-Kutta method reads

Lemma 3.26 (Partitioned Runge-Kutta Method of Convergence Order 2).

Compute
s=2 s=2
Ql =h Z ijj and ZPl = ZPO + h Z bij (326)
j=1 j=1

with increments
K; = f(yj?Z]) =Z; and L;= ig(eXP(Y})UO)

depending on the functions

s=2 s=2
}/j =h Z CLj,kKk and Zj == ZPO + h Z (Alj’kLk
k=1 k=1

for the stages j = 1,2. The variables a;y, b;, a;, and l;j with j, k = 1,2 denote
the coefficients of the method.

We reach the numerical solution (U, Py) of the original problem (3.1) via
(Ul,Pl) = (exp(Ql) : U(), Pl)
Order conditions

As described in the last section, we have to compare the Taylor series of the
exact and numerical solution of (3.25) to determine the convergence order. We
know from remark 3.25 that these Taylor expansions read

s=2 hk s=2 hk
Qto+h) =73 EQ(k)(to), P(to+h) =) gp(k)(to),

k=0 k=0 "

s=2 hk *) s=2 hk (k)
Q1<t0+h) - ZEQI (to), P1<t0+h) - ngl (to)

k=0 ™ k=0 "'

Thus we have to compute the derivatives of Q(¢) and P(t) around t, = 0 up
to second order. While 2(0) is chosen as iP(0) = iF, it is evident that

P(0) = g(Us) and Q(0) =iP(0) = ig([Uo))
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holds. The second derivative of the function P reads
B(0) = ([exp(20)) U]) = 22 ([00]) - exp(02(0)) OV = S (Uy) - iU,

Furthermore, the derivatives of the numerical solution 2;, P, have to be com-
puted up to second order using the equations (3.22). Hence, the derivatives at
to = 0 read

0 =5 b2,
,(0) :Sfbj(QZj(O)),
0) - ‘fiz;jg( exp(Y;(0)) Uo])

Q\%

and  F1(0 —giz; ([exp(¥30)) Uo]) exp (3(0)) ¥3(0) o

Hence, we have to compute

;(0) = 0,
ZJ(()) = ZP(),
Y;(0) SiQa] kZi(0) = (SiZ a; k) iy,

and Z Zzla]kg([expO/k ) D = (Z ajk>

Afterwards, we insert these values in the derivatives of the numerical solution
and get
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At this point we have collected the necessary information to set up the order
conditions for the Runge-Kutta scheme (3.26) with truncated function Q(t) =
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iP(t). We get the conditions
5=2
2:(0) = Q(0) : > bj=1 for the links U (3.27)
=1
. . 822 A
Pi(0) = P(0): and > b;=1 for the momenta P (3.28)

=1

to attain convergence order one. Convergence order two will be obtained by

. . §=2  s=2 1
01(0) = Q(0) : So(b Y an) = 5 for the links U (3.29)
=1 k=1
. . s=2 R s=2 1
P (0)=P(0): and Z(bj > aM) =35 for the momenta P. (3.30)
=1\ k=1

Remark 3.27. The model error due to the truncation Q = iP is of order
3. Since the used partitioned Runge-Kutta method is symmetric, the order
conditions (3.29) and (3.30) are already fulfilled through the conditions for the

symmetry and convergence order 1 (see remark 3.2/)

Coefficients

Due to the fact that the symmetric partitioned Runge-Kutta method with
convergence order two can be seen as reformulated Leapfrog method, we take
the coefficients of the Leapfrog method. They are denoted as Butcher tableaus
and given in table 3.1. It is shown in the appendix B.1, that they fulfill the
order conditions (3.27)-(3.30) for convergence order two as well as the symme-
try conditions given in equation (3.12).

This means we have indeed a symmetric Runge-Kutta method of convergence
order two. As we will see in the next chapter, the simulation of a gauge field
with this method and these coefficients works well.

0
links U: 1

o O

momenta P:

== O

NI | NI— N

1
2

Table 3.1: Butcher tableaus of the coefficients of the Stormer-Verlet
(=Leapfrog) method as partitioned Runge-Kutta method

3.4.2 Symmetric Partitioned Runge-Kutta Method of
Convergence Order 3

Finally, our aim is to investigate symmetric Runge-Kutta methods of conver-
gence order larger than two for the problem of solving

Ut)=iP(t)U{F)  and  iP(t) = ig([U(t))) (3.1)

42
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with initial values (UO, Po). As in section 3.4.1, we rewrite our differential
equations (3.1) as

O(t) = fF(Qt),iP(t)) = dexpg' (iP)
and iP(t) = ig([exp(Qt)) - Ulto)] ).
Using U(t) = exp (Q(t)) - U(to) and the truncation

(see (3.10))

Q(r) = F(Q),iP(1)) = iP(1) — S[1), iP(1)

given in equation (3.24), we get the differential equations

O(t) = F(Qt),iP(t)) = iP(t) - ;m(t),z'P(t)]
and iP(t) = ig([exp(Q(t)) - Ult)]).

Due to the symmetry of the Runge-Kutta scheme, we have to use the more
complicated Runge-Kutta method prescribed in lemma 3.21:

Lemma 3.28 (Partitioned Runge-Kutta Method for Convergence Order 3).

Compute
s=3 s=3
Ql =h Z ijj and ZP1 = ZPO + h Z bij (331)
j=1 j=1

with increments

K= f(Y;. %) = 2 — ;[szj]

i 1, = io([oxp(17;) (b))

depending on the functions
s=3 s=3 s=3

Y;=hY ajxKe, Zj=iPy+h) ajply and W;=h>_ c;1K
k=1 k=1

for the stages j = 1,...,s and coefficients bj, a; i, ¢j r, Bj, a;r used above.
At the end we attain the numerical solution of our problem (3.1) as

(U17P1> = (exp(Ql)UO,H).

Order conditions

Again, we have to compare the Taylor series of the exact and numerical solution
of the differential equations (3.31) to determine the convergence order. Thus,
we compute the Taylor expansions of these solutions:

s3hk s3hk
Qto+h) = Zle (o), P(ty+h) = Zk'P (o),

5=3 k s=3 k
Qi(to +h) = Zk'Q (o), Pi(to+h) = Zk"Pl (o).
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These Taylor expansions are performed around ¢ty = 0. Since the detailed
computation is very long and similar to the calculation in subsection 3.4.2,
the derivation of the Taylor expansions are left out. Just the results are given
here. The Taylor expansions of the exact solution read

Q(0) = iP,,

Q(0) = ig([Uo)) ,

6(0) = z'gg(wo]) iPUo — 5 [ig([Uo)) iPs) — [iPo, ig ([U])]

P(0) = g([U0)) . (3:2)
B(0) = 29 ([05]) - iRt (03]

BO) = 22 (100)) - (#8500) + 22 ((06]) - (P02 + (0] ) U

In comparison, the Taylor expansions of the numerical solution are computed
with s = 3 stages as

0= (1) i
010 =2(530 Y se) -io([4),
—3Zb<22a3k<20k1+ Zb ) 2 ([Ue]) - 5Py - Uy
g PITRICORY
- (S ess) - () - it a(106)] )

A0 = (X5) o).
Py (0) = jSéj(gcj,ﬁilf;bl) gg(Wo]) CiPy - Uy,
P(0) z (Cents Zbl> 29 () (im00)°
3D (X et > )" 5o (1al) (i73) 0
i (23 e s+ 0 X an) - 5 (10]) ia(10]) 0.

At this point the necessary information is given to compute the order con-
ditions. We get the conditions for convergence order m by a comparison of
the m-th derivative of the exact solution §2(t),7P(t) with the numerical one

Ql<t>, Z.Pl(t)

44



3.4. Munthe-Kaas Method for Convergence Order 2 and 3

Conditions for convergence order 1

. s=3
Q:(0) =Q(0) : Sb=1
=1
. S 3 A
£,(0) = £(0) b~ 1
j=1
Conditions for convergence order 2
S S 1
3 (0) = (0) pBUPSLIE.
j=1 k=1
.. . S . S 1 S 1
Py (0) = P(0) : Sbi(> e+ 5 >b) = 5
j=1 k=1 =1
Conditions for convergence order 3
S S 1 1
11(0) = 6(0) : Dby > k(Yo ceit 5 D bn) = ¢
j=1 k=1 1=1 m=1
S S S 1
Dby D agk) k=g
j=1 k=1  I=1
S S S R 1
S (Xain) (D a) = 3
j=1 k=1 =1
Sin /S 18 2 1
Pl(O):P(O) Zb]< Cj,k+§zbl) :g
j=1 k=1 =1
S N S S S S 1
S0 (2X can e+ X b Y ) = 3
j=1 k=1 1=l m=1  n=1

Remark 3.29. The method is symmetric and has convergence order 3. This

implies a convergence order 4, provided that the model error is small enough
(see remark 3.24).

The truncation Q(t) = iP(t) — :[Q(t),iP(t)] implies a model error of order
4. For a convergence order of 4, the model error has to be 5 such that the

additional term )
5120, [20).iP@)] = X(1) (3.33)

has to be used.
Remark 3.30 (Vanishing additional term of the model evaluated at t; = 0).
The term X(t) := l[Q(t% [Q(t)aiP(t)]] and its derivations X (t) and X(t)

6
evaluated at ty = 0 lead to

X(0)=0, X(0)=0, and X(0)=0.
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Chapter 3. Numerical Integration

Proof. Compute the derivatives of the term (3.33) up to third order and eval-
uate them at {5 = 0. We get

x(0) = ¢[00, [0),iP0)] + 0w, 1900, iP@) + [00),1P0)
X(0) = ¢[00, 100),1PW)] + 5[0, 1900, iP@) + [0(2),1P0)
+ 5[0, 1000, iP0) + 1900, iP(0)]
+ é {Q(t), [Q(t),iP(t)] + [Qt),iP(t)] + [Qt),iP(t)] + [Q(t), iP(t)]}.

Since the initial value €(0) equals zero, an evaluation at t, = 0 leads to

0,10(t),iP(t)]] =0

00).10.5P ()] + ¢ [0,1900), 5P (0] + [001), 1P(1)]

Q(t),0] + 0] -0

06).10.P(0)] + ¢ [26), 1900, sP (0] + [0, 1P(6)]

+ DR DR~ =

DD = O =

{Q(t), (), iP(1)] + [0, ub(t)]}
[o, 906), iP(1)] + [Q8), iP(1)] + [Q8), iP(8)] + [Q(8), iP(t)]}

_ é[Q(t), 0} 41 {Q(t), (1), iP()] + 0} + é[@(w, 10(8), iP(1)] + o} + (1), 0.

[Q(t), [Py, iPy] + 0} 4 é [Q(t), [Py, iPy] + o]
[Q(t), 0+ 0} + é[s’z(t), 0+ o] 0.

]

Due to the fact that the term (3.33) has no influence on the Taylor expansions
around ty = 0, the total convergence order of the symmetric implicit parti-
tioned Runge-Kutta method given in lemma (3.28) is 4. Hence, this method
is mentioned as symmetric implicit partitioned Runge-Kutta method of con-
vergence order 4 in the following paragraphs.
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3.4. Munthe-Kaas Method for Convergence Order 2 and 3

Coefficients for a partitioned Runge-Kutta method of order 4

The coefficients used for the symmetric partitioned Runge-Kutta method of
convergence order 4, are chosen according to calculations performed with the
computer algebra system Mathematica. For these computations, the afore-
mentioned conditions on the convergence order and the symmetry conditions
(3.15)-(3.19) are used.

0 0 0 0 —3 Y50 0
. V3 V3
links U: 0k s 0% Gro 0000
: V3 V3
0 0 0 Bl g 0 B
bjl 0 1 0 bji 0 1 0
3+v3 | 3+v3
Bv3 33 g
ajk: Lo i
momenta P: 53 | 3
5 2 0 =%
b b0y

Table 3.2: Butcher tableaus of the coeflicients of the partitioned Runge-Kutta
method of convergence order 3
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Chapter 4

Simulation

4.1 Model: An SU(2,C) Lattice Gauge Field

In this section we describe the simulation of an SU(2,C) gauge field situated
on a lattice executed with a Hybrid Monte Carlo method. Concerning the
replicability of the simulation, the required facts of the previous chapters are
gleaned. We start with a reminder of the Hybrid Monte Carlo algorithm
described in paragraph 2.2. It works as follows:

1. Select an initial configuration [U’] of links randomly.

2. Create conjugated momenta [P’] randomly according to the equation
1
Pa([P]) ~ exp<—2 Ztr(P;{u)) _ exp(—Ekm([P])) (2.11)
€T,

3. Molecular Dynamics step: Reach the new configuration [U7, P7] using
the symmetric partitioned Runge-Kutta method.

4. Monte Carlo step:
Compute the difference of the Hamiltonians as AH := H/ — H’. Then
accept the new configuration with acceptance probability

PA([Ui,Pi] — [Uj,Pj]) = min(l, pj) (29 min(l, exp(—AH)).
Di

5. Start at step 2.

Molecular Dynamics and Monte Carlo step

For the simulation of the lattice gauge field, we need the Hamiltonian and
its equations of motion. These formulas are given in paragraph 1.2 and 1.3.
The Hamiltonian is composed of the kinetic energy and the Wilson action (see
equations (1.6) and (1.3)) as

%([U? P]) = Ekm([PD + SG([U]) (1.5)
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Chapter 4. Simulation

The Hamiltonian equations of motion for an an SU(2,C) gauge field

oM ([U, P)) . ,
Tw == Uw,‘u = ZP%“U%“ (17)
OH([U, P] . B

and a(U:,E”u) = _Px,,u = _ZN{Ux’uvx’M}TA (18)

are used in the Molecular Dynamics step. They will be solved with the parti-
tioned Runge-Kutta scheme described in section 3.3.

Representation of the links and its conjugated momenta

We have a gauge field composed of link variables U, , situated in the special
unitary Lie group SU (N, C) mentioned in section 1.1. Furthermore, we have an
additional field with fictous conjugated momenta P, , used for the computation

of the Hamiltonian H([U, P]) These momenta are traceless and hermitian
matrices, such that P, , is an element of the Lie algebra su(N, C).

Notation 4.1. For convenience of notation, we leave away the indices x and
w of the links U, ,, and momenta P, , as of now. Hence, the notations

U=0U,, and P:=F,,
mean one special but arbitrary pair of matrices.

Due to the fact that we simulate a gauge field of SU(2, C) matrices, the variable
N used in the equations (1.3) and (1.8) is set to N = 2. Thus, we deal with
2 X 2-matrices in the whole simulation.

Definition 4.2 (Pauli matrices). The Pauli matrices are a set of 2x2 complex
Hermitian and unitary matrices

(0 1 (0 —1 (10
1=1\1 0) 2=\ o) 2=\o -1/
Remark 4.3 (Pauli matrices). Note that the complex conjugate and transposed

matrices of the Pauli matrices are the Pauli matrices itself such that it holds

UJ{ =0y, Jg = 09, 0’;[ = 03. (4.1)

The product of 2 Pauli matrices can be described through the Levi-Clita-symbol
gjr and the Kronecker delta d;;, as

00 = Ojk + ZZSijO'l.
k
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4.1. Model: An SU(2,C) Lattice Gauge Field

Hence, we get

10 if (4, k) is equal to (1,2) or (2,3) or (3,1)
oj0 = P if j is equal to k
—ioy  if (4, k) is equal to (2,1) or (3,2) or (1,3).

Furhermore, it holds det(o;) = —1 and tr(o;) =0 for j =1,2,3.

This means, the link variables U and the momenta P can be created as a linear
combination of these Pauli matrices and the identity Is.

Lemma 4.4. Every matriz U € SU(2,C) can be represented by

3
U:Z:z:jz'aj+x4~12:

( l’4+i$3, l’g—f—il‘l)
=1

—T9 + ixl, Ty — Z@’g

with complex i and a vector x € R* and ||z||2 = 1, such that z is an element
of the unit sphere Ss.

Proof. We have to show that the complex conjugate and transposed matrix
UT will be the inverse of U. Moreover, the determinant of U has to be equal
to 1. So with

3
(4.1)
Zl‘j —w )+ x4 12 = —ijwj—i-m Iy

7j=1
we get
3 3
U.-Ut= (ijiaj + x4 Ig) . (— Zl‘jin + 2y Iz)
j=1 J=1
3 2
= (Z {Ejdj) + ($4 - $4 <Z ':C]ZJJ> + 1‘4 I

7j=1 7j=1

a + 2109(0109 + 0201) + 1123(0103 + 0301) + Tox3(0203 + 030) + 5 - I

I
"M

4
= ZZL’? . ]2 —+ .7)1I2(0'3 — 0'3) + 1’1[E3<—O’2 + O'Q) + ZL’QZ’g(O’l — 0'1)
|IH '12:1']2:]2

and also UT - U = L.

It holds det(U) = 1 because

det(U) = (x4 + ix3) - (x4 — ix3) — (—atg + i:pl) (xg +iz)

=} —ifa; + (25 — i*a]) =2 + 25 + 2l + a5 = |zl = 1.
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Lemma 4.5. The conjugated momenta P of the links have to be hermitian
matrices with trace zero. They are constructed as linear combinations of the
traceless and hermitian Pauli matrices o1, oo and o3. Additionally, the mo-
menta have to be gaussian distributed according to the probability distribution
Ps([P]) given in equation (2.11). The choice of

13 Ly y—ip
P=— i0; = —= .
\/ijz_:ly] T2 <y1 + Y2 —Y3

with gaussian distributed random numbers y; (j = 1,2,3) (with mean 0 and
variance 1) fulfills these requirements.

Proof. 1t holds
2 ifi=j
tr(oio;) = { 0 ifij.

and thus,

tT(PQ) _ ;tr((z ngj)2> _ ; Z yiyjtT(Uin) = ny

j=1 1,j=1 Jj=1

With gaussian distributed random numbers y; we get
exp (—1tr(P2)> = exp(—1 > y2>
2 25

such that the the configuration [P] will be gaussian distributed as well. ]

4.2 Details of the Simulation

There are different integration schemes implemented using the software pack-
age Matlab. First of all, the symmetric partitioned Runge-Kutta schemes of
convergence order 2 and 4 are used. Since these new schemes are compared
with the well known Leapfrog (=Stérmer-Verlet) method described in algo-
rithm 3.1, the Leapfrog method is computed as well.

The symmetric partitioned Runge-Kutta schemes are implemented using the
coefficients given in table 3.1 and 3.2. Due to the fact that these Runge-
Kutta methods are implicit, a fixed point iteration is needed to compute the
increments K, L;,Y;, Z; and W; for j = 1,...,s. This has to be done for the
whole field at once.

Notation 4.6 (Increments for the whole field and all stages). We have a field
of size L x T'. Since we simulate a 2-dimensional lattice, we concern about
2 x L x T links U with its conjugated momenta P. These elements will be
computed through a Runge-Kutta method using the increments K; and L; with
j =1,...,s stages. Due to the discriminability of these increments for the
different positions in the field, we denote the increments K; and L; used to
compute the link U at position v with K, ; and Ly ;.
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The fixed point iteration works as follows:
e Start with the initial values K ; and LY ; set to 0. Set the index i = 0.
e Compute
— Yf“, Z}H and W;H for j=1,... s (from Kj and L;)
— and K;H and L;H for j =1,...,s depending on the above values

for all field positions z until

G — Ko lle 1L — Lasll .
max P , ) ,Jg=1...s
[LevylP 15 112

(4.2)

is smaller than a predifined value. Thereby, the index ¢ is incremented
in each step.

In the described simulation, this predefined value is set to 10~® without further
considerations. All increments are computed using its matrix notation. For a
temporization, they can be rewritten in terms of a base of Pauli matrices (see
definition 4.2), such that only its factors have to be used in the fixed point
iteration.

4.3 Results

We simulate a 2-dimensional lattice gauge field with periodic boundary con-
ditions using a Hybrid Monte Carlo method. During the Molecular Dynamics
step, a whole trajectory is computed. The length 7 of the trajectory is fixed
and set to 1 in the whole simulation. This means that n = % integration steps
with step size h are performed to compute one trajectory. Afterwards, the en-
ergy change along a trajectory AH is calculated and used in the Monte Carlo
step. Since the expectation values of different variables have to be compared,
there are 5000 trajectories computed in each simulation.

4.3.1 Model of a 4x4-Lattice with § = 2.0

As a first model, a 4 x 4 lattice with gauge coupling § = 2.0 is computed
applying the aforementioned different integration schemes. It can be seen
in the following figures that the Runge-Kutta method of convergence order 2
coincides with the Leapfrog method. The Runge-Kutta method of convergence
order 4 differs from these schemes.

Convergence Order and Acceptance Rate

The main result of this thesis is the possibility to use a Runge-Kutta scheme
such that convergence orders higher than 2 can be achieved. This result can
be measured through the mean absolute value of the energy change along a
trajectory and is represented in figure 4.1. Thereby, a convergence order p of
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Chapter 4. Simulation

the numerical integration methods yields an energy change of order p after one
trajectory (see remark 3.9).

As expected, the convergence orders of the Leapfrog and the symmetric par-
titioned Runge-Kutta method of order 2 coincide. The convergence order of
the symmetric partitioned Runge-Kutta method derived with order 3 is equal
to 4. At a first glance, this result is surprising. It can be explained due to the
symmetry (see remark 3.24) and the vanishing additional term of the model
with model error of order h° (see remark 3.30).

OAH| O
\
\
.
<

K Leapfrog

10°F /0 O symmetric RK 273
e { symmetric RK 4 |
10_7 E o, - o h2 .
0 S 1
10 ‘ ‘ ‘ ‘ ‘ ‘
1/64 1/32 1/16 1/8 14 13 1/2
Step size

Figure 4.1: The convergence order measured through the mean absolute value
of the energy change along a trajectory. It can be read off as the slopes of the
lines. The convergence errors of one trajectory are of order 2 resp. 4, and thus
of order 3 resp. 5 per integration step.

Thereby, the acceptance rate of the partitioned Runge-Kutta method of order
4 drops slower with increasing step size than the other investigated methods
(see figure 4.2).

Correctness of the Simulation

The correctness of the symmetric partitioned Runge-Kutta method is checked
through a comparison with the Leapfrog method concerning the expectation
values of exp(—AH) and the mean plaquette value. In doing so, the errors are
computed regarding the integrated autocorrelation time.
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105p
1009 © ¢
o 8 ¢ o
§ ©
@ 951
g o
8 90
5 e
@
)
O 85f
<
80f Leapfrog Q
O symmetric RK 2,
¢ symmetric RK 4,
75 L L L L L L L
1/6 1/32 1/16 . 1/8 1/4 1/3 1/2
Step size

Figure 4.2: Acceptance rate of the simulations after 5000 trajectories.

The reference value of the mean plaquette value of the model is known as
(tr(Un)) = 0.8669(2) (personal communication with Prof. Dr. Knechtli). It is
met in the realized simulations as visualized in figure 4.3.

0.885—

0.875/ |
087} % % 1

OPlaquette O
o &

g 2
—o—

0.855F 1
Leapfrog
085 O symmetric RK 2 |
: { symmetric RK 4
- - -reference value
0.845 s s s s s s
1/64 1/32 1/16 1/8 U4 13 12

Step size

Figure 4.3: Expectation value of the mean plaquette value

The expectation value of exp(—A?H) serves as a measure for the volume-
preservation. It has to be equal to one in the region of the errors. This is
illustrated in figure 4.4. It can be seen that there may occur instabilities for
larger step sizes if methods of convergence order 2 are used. These instabilities
vanish for the Runge-Kutta method of order 4.
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Mean exp(-A H) Mean exp(-A H),

1.01
1.08 1.008
1.06 1.006
O 104 0 1.004
T 102} T 1.002 ]
< <
T e 0------ ¢------ 0--—--- 8-6--0 T 10--—-- 0------ ®------ 6o 0---¢
o o
é 0.98F 1 é 0.998f
0.96 1 0.996
Leapfrog Leapfrog
0941 O symmetric RK 2 . 09941 O symmetric RK 2
092 ¢ symmetric RK 4 0.992L ¢ symmetric RK 4
- - -reference value - - -reference value
9764 1/32 1/16 18 U4 13 12 099764 1/32 1/16 18 U4 U3 12
Step size Step size

Figure 4.4: Expectation value of exp(—AH)

Computational Time

Concerning the use of the Runge-Kutta schemes described in the subsections
3.4.1 and 3.4.2, the computational time is of deep interest. Because the Runge-
Kutta method is implicit, a fixed point iteration is needed (see paragraph 4.2).
The time consumption strongly depends on

e the shape of the increments K; and L; for j =1,...,s,
e the used method coefficients
e and the stopping criterion of the fixed point iteration.

In figure 4.5, the mean number of fixed point iterations per integration step
is shown. It increases strongly with the step size. On the other hand, the
number n = 7/h of integration steps decreases with larger step sizes. Thus, the
computational time decreases with larger step sizes depending on the number
of fixed point iterations, except for the step size % as shown in figure 4.6.

A comparison of the computational time at a similar acceptance rate leads to
the conclusion that the implemented partitioned Runge-Kutta method of order
4 is approximately 14 times slower than the Leapfrog method. The details can
be found in table 4.1.

’ step size ‘ acceptance rate [%)] ‘ time per trajectory [s] ‘ factor ‘
1/6 (Leapfrog) 99.06 0.14 1
1/16 (sRK 2) 99.06 0.88 6.4
1/3 (sRK 4) 98.92 1.94 14.2

Table 4.1: Comparison of the computational time at a similar accepatance
rate of approximately 99 %.
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Figure 4.5: Mean number of fixed point iterations per integration step
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Figure 4.6: Mean time consumption per trajectory per link.

4.3.2 Volume Dependence

The volume dependence of the simulations is interesting. Thus, the simulations
of the Leapfrog and the symmetric implicit partitioned Runge-Kutta method
are executed for the different lattices of size 4 x 4,6 x 6 and 8 x 8 and § = 2.0
An examination of the convergence order shows that its properties are the
same for all lattice size. Just the factor of the order increases with the lattice
size for both investigated methods as visualized in figure 4.7.

Next, the expectation value of exp(—A%H) is represented in figure 4.8. It can
be seen that there may occur instabilities for larger lattices concerning the
larger step sizes in the Leapfrog method. In contrast, the higher-order method
is able to use larger step sizes.

The most interesting point concerning the volume dependence is the behaviour
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Figure 4.7: Convergence orders given through the expectation value of the
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Figure 4.8: Expectation value of exp(—AH).

of the computational cost per link. A comparison of the number of fixed point
iterations (see figure 4.9) shows that this number remains for larger lattices.
Thus, the time consumption does not depend on the volume of the lattice as
visualized in figure 4.10.

As a last point, the time consumption per trajectory per link of both investi-
gated methods is compared concerning a similar acceptance rate. Choosig an
acceptance rate of approximately 98.5%, we get the result, that the compu-
tational time of the Leapfrog method and the symmetric partitioned Runge-
Kutta method of order 4 do not grow with the volume. This result is visualized
in figure 4.11.
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Figure 4.10: Mean time consumption per trajectory per link.

4.3.3 Dependence on the Gauge Coupling

For completeness, the dependence on the gauge coupling term /[ is investigated.
We fix the lattice volume to a size of 4 x 4 links. Then we use the different
values 1.0,2.0,3.0 and 4.0 for § and examine the convergence orders and the
used computational time.

As a result, the convergence orders remain as illustrated in figure 4.12. Thereby,
the convergence errors increase due to a factor depending on an increasing (.
The number of fixed point iterations increases with /3 (see figure 4.13). Due to
the strong dependence of the computational time on the fixed point iterations,
the consumed time increases with g as well.
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Figure 4.12: Convergence orders of different values for 5. The convergence
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Conclusion and Outlook

The main result of this work is the insight that implicit partitioned Runge-
Kutta methods can be used during the simulations of gauge theories. It can
be mentioned, that symmetric implicit partitioned Runge-Kutta methods have
an even convergence order provided that the model error is small enough. Due
to the fact that a convergence order of 4 is reached in the simulations, it has
been shown that a convergence order greater than 2 can in fact be attained.
Furthermore, the investigated implicit partitioned Runge-Kutta method of
convergence order 4 is stable, which allows to use larger step sizes. So far,
the complexity of the integration scheme described in lemma 3.21 prevents
the method from being more efficient than the Leapfrog integration scheme.
Though, it needs to be said, that the main objective of this thesis has been
the investigation of the feasibility of higher-order integration schemes besides
the Leapfrog and splitting methods. Thus, there has been no attempt in opti-
mizing this method until now.

The symplecticity, i.e volume-preservation is not considered in this thesis. Al-
though the expectation value of the energy chage along a trajectory exp(—AH)
serves as a measure for volume-preservation, it should be shown numerically
by means of the Jacobian of the field configurations.

As a next step, the time consumption of the implicit partitioned Runge-Kutta
method should be examined. The fixed point iteration depends on matrix
computations so far. It can be improved, e.g using a base of Pauli matrices.
With this ansatz, only the coefficients of the Pauli base would have to be
computed. Furthermore, the stopping criterion used in the fixed point iteration
can be considered as well as the method coefficients. Probably, the coefficients
can be chosen in a way that the expensive parts have to be evaluated less often.
Another possibility to save computational time is the change of the increment

. 1
L;= zg({exp(Wj) exp<§§21) UOD.
Because of the two matrix exponential functions, its evaluation is very costly.

Another idea is the exchange of the used mapping U (t) = exp(§2(t)Up) given in
equation (3.9) and its appropriate differential equation Q(t) = expg,! (see equa-
tion (3.3)) with another one, e.g. the Cayley map. In doing so, the exponential
function and the truncation of the derivative of the inverse exponential map
would be replaced. Since the computation of the matrix exponential function
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is time-consuming, this could be advantageous. Another point is that the Tay-
lor series used to determine the convergence orders depend on the truncation
of the model and have to be computed for each convergence order separately.
The derivative of the inverse Cayley map is not truncated, such that higher
convergence orders can be derived from lower ones.

As a general remark, it can be said that the implicit partitioned Runge-Kutta
method does not depend on the size of its used matrices. Thus, the scheme
can be applied for any differential equations with result in a Lie group.

64



Appendix A

Theory

Definition A.1 (Haar measure). For any compact group G the Haar measure
is the unique measure dU on G which is

e normalized:

] U)dU =1
L ( ) ’
e invariant:

/Gf(U)dU:/Gf(VU)dU:/Gf(UV)dU vV e G.

Definition A.2 (Lie Algebra). A Lie algebra g is a vector space over a field
F with composition

[ ) ]:gxg—>g7 (l’,y)'—>[l’,y]
which is called Lie bracket or commutator and satisfies the following conditions:

L1 Antisymmetry
[z,y] = =[y,2] Vaz,yeg

L2 Bilinearity
[z + By, 2] = alz, 2] + Bly, 2]
[z, 0y + fz] = alz,y] + Bz, 2]
Ve,y,z€g and o,f€F
L3 Jacobi identity

[x, [y,z]} + {y, [z,xﬂ + [z, [x,y]} =0 Vr,y,2 € g

Remark A.3. We will consider the general linear Lie algebra g with commu-
tator

[A,B]= AB—BA VA, Beyg.

Definition A.4 (Lie Group). A Lie group G is a group which is also a differ-
entiable manifold. The group operation is a differentiable mapping GXxG — G.
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Definition A.5 (Tangent space of a matrix Lie group). Let G be a matriz Lie
group. The tangent space at the point U of this Lie group is defined as

TyG = {AUU|AU S g}

Remark A.6 (Connection between Lie group and Lie algebra). Since the Lie
group is a differentiable manifold, it has a tangent space in every point. The
tangent space at the identity

T[G = {A[[‘A[ S g}
has the structure of a Lie algebra.
Definition A.7 (Exponetial map). The exponential map

ooAk

exp:g— G, A exp(A) = -
= k!

(A.1)

with A € g and exp(A) € G maps an element of the Lie algebra g onto an
element of the Lie group G.

Theorem A.8. The determinant of a Lie group and the trace of a Lie algebra
are connected via

det (exp(A)) = exp (tr (A))
Remark A.9. For square matrices U,V,W it holds

tr(U—i—V) = t'r’(U) —i—tr(V) (A.2)
tr(UV) = tr(VU) (A.3)

and for unitary matrices U
1
S T
Re(tr(U)) = 2tr(U +Ut) (A.4)
Proof. The first two equations are obvious, and equation (A.4) follows from

tr(U + U") = tr((Re(U) + Im(U) + Re(U) — Im(U))
=tr(2-Re(U)) = 2-tr(Re(V))
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Calculations

B.1 Check of the symmetry and the conver-

gence order 2
Remark B.1. The coefficiens given in table 3.1 fulfill the symmetry conditions
(3.12) and the order conditions (3.27)-(3.30) for convergence order 2.

Proof. The order conditions will be checked with the coefficients from the
Butcher tableaus denoted in table 3.1:

= 11
(327)2()]:61—{—[)2:*%—*:1
= 22
(328)‘8:2A N S
(3.29) SZQ(bejQA) bi - (n112) + by - (Gmri) = - =4~ 2 = L
. . i a; = -laj1a - (ao1a _ — . — - - = —
= jk:1 7k 1 11412 2 2122 2 9 2 9 9
s=2 R s=2 R R 1 1 1
(330) <ijajk>:bl-(a11+a12)+b2-(a21+a22):2-0+2-1:0+2
j=1 k=1

This means the partitioned Runge-Kutta method (3.26) with coefficients given
in table 3.1 fulfills convergence order two. Considering the symmetry condi-
tions

1 ~ 1 ~
1 9 2 1 9 2
. s 1 1 1 1
a11=b2—a22—§—0=§ allsz_a22—§_§:O
s = by — 1 = 3 — 2 =0 by—ay = = — = =0
12 = 03 a21—2 9~ @12 = 02 a21—2 9~
. —13 R _1 0_1 b _1 0_1
21 =01 CL12—2 =9 21 = 01 CL12—2 =3
. s L1 1 1
a2,2:b1_a11:§_§:0 a2,2:b1—a11:§—025

mentioned in the system of equations (3.12), the method is also symmetric. []
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